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Network coding: the butterfly network
Each node sends the same message; xi, x2 € GF(2).

S1 ) sends xq So ) sends x»

Xq Xo

wants xo wants x4

Figure: The butterfly
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Network coding: the butterfly network
Each node sends the same message; xi, x2 € GF(2).
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Figure: The butterfly: Network Coding



A mature subject
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In [Bassoli, Marques, Rodriguez, Shum and Tafazolli ’13]:
Survey of Network Coding theory, 300+ references
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Linear network coding

We view packets as vectors over a finite field, and we restrict
combinations to Linear combinations only:

k
f(X1,...,Xk) = Za,-x,-.
i=1

Linear network coding works well in some special cases.

Distributed algorithm to obtain the optimal choice of linear
combinations.



Linear Network Coding continued

Linear network coding is not optimal in general! [Riis '04]
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Split: Finding optimal solution v. Finding practical solution



Can network coding be implemented?

Not yet! Many obstacles still to face; a huge infrastructure to
change

Further possible applications:

» File distribution (Microsoft Avalanche).
Idea: send linear combinations of kK messages. Coded
coupon collector: need k + o(1) randomly chosen linear
combinations

» Distributed storage.
Idea: store linear combinations (coding theoretic problem)

» Rateless codes.
Idea: again send linear combinations over a channel which
can erase messages



Network coding solvability

Canonical form:
» The network is acyclic
» Each link transmits an element in a finite alphabet A

» k sources and k destinations. Source s; sends a message
X; to the destination d; (multiple unicast)

Question: Can we assign a function f,(x,-) to each vertex v
so that all messages can be transmitted?

Notation : For every vertex v, v ={u: (u,v) € E}isits
in-neighbourhood and |v~| its in-degree



A complex problem

Figure: Solvable over any alphabet



A complex problem

Figure: Not solvable over any alphabet



A complex problem

only ?)
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Figure: Solvable over alphabets of cardinality 2™



Network coding solvability

Many approaches

Hat games [Riis '07]

Removes source/intermediate/receiver hierarchy.
Information theory [Riis '06]

Uses properties of the entropy function to prove
non-solvability.

Combinatorics [G and Riis '11]

Stability number of a related graph, problem on messages
instead of combinations.

Reverse engineering [G and Riis '11]

Design of networks where network coding is efficient.
Logic [Riis and G ’11]

Removes network, leaves terms from formal logic.



Partitions

A partition P = {py,...,ps} of a set Bis a family of subsets of
B such that p; N p; = @ for all i # j and Uj_, pi = B.

We denote the number of parts as |P| = r.

Equality partition: Eg has |B| parts.

ROWS and COLUMNS partitions of B = A?:

(1]2]
ROWS:[2[2[2] COLUMNS:[1|2
12

ROWS A COLUMNS :[ 21 |22 | 23 |: Ep.




Partitions

We can define dependence using partitions.

The kernel of f : B — C is the partition of B in pre-images of f:

ker(f) := {f'(c): ce C}

Refinement of partitions by intersection:

ker(f, g) = ker(f) A ker(g)

Equivalence:

1. fdependson gi,...,gm, i.e. f(x) = h(g1(X),...,gm(X))
2. ker(g1,...,9m,f) =ker(g1,...,9m)



Partitions and network coding

For each vertex v, let P, be the partition of A% given by the
kernel of the cumulative coding function at v.

We denote Px = A ,cx Pu-

These partitions must satisfy:
[Pv] < [Al

Py,- = Py-yyy forall v
Ps, = Pg forall1 <i<k
|Py| = A

v

v

v

v



Example: butterfly

Py := Ps, = Py,
Py = Ps, = Py,

ORCI =

|P1] < |A]

c@ |Pa| < |A]

|P3| < |A]
Pri2y = Priga)y = Epe

Pi3y = Pripsy = Ep
Pay = P23y = Epe.



First application : minimum degree k

Theorem [Bush '52, Reed and Solomon ’60]
Fix nand k, then (n,k,n — k + 1) linear MDS codes exist over
all sufficiently large fields (e.g. a Reed-Solomon code)

Theorem [Singleton '64]
An (n,k,n— k + 1) MDS code over A yields a family of
partitions Py, ..., P, satisfying

» |Pi| = |A| for all j,
» Px = Py forall X C V with | X| > k,
> PV = EAr



First application : minimum degree k

Theorem [G ’13]
If any vertex in the network has in-degree at least k, then it is
solvable over all sufficiently large fields by linear functions.

Proof: The equations satisfied by the partitions on the network
are of the form

» |P;| < |A] for all j,
» Px = Py forsome X C Y C V with | X| > k,
> PV:EAk.

They are all satisfied by an MDS code; linear MDS codes exist
over all sufficiently large fields.



Second application: k = 2

Latin Square of order |A|: a partition P of A% such that
P AN ROWS = P AN COLUMNS = Ep.

Orthogonal Latin Squares: P, Q Latin Squares such that
P A Q - EAZ.

1]2 2 1 12|23 | 31

P: 112 Q: 1l2] = PAQ: 11
2 1 1]2 21321

Theorem [Chowla, Erdés and Straus '60]
Fix n, then there exist n Mutually Orthogonal Latin Squares of
order |A| for all sufficiently large |A].



Second application: k = 2

Theorem [Wang and Shoffer 10, G ’13]

If kK = 2, then the network is solvable for all sufficiently large
alphabets.

Proof: Similar to first application:
» We can forget about vertices of in-degree 0 or 1.

» Use ROWS and COLUMNS for the sources and
destinations and n — 2 MOLS for the intermediate nodes.



