978-1-4577-0594-6/11/$26.00 ©2011 |EEE

2011 IEEE International Symposium on Information Theory Proceedings

Max-Flow Min-Cut Theorem for Rény1 Entropy in
Communication Networks

Maximilien Gadouleau and S¢ren Riis
School of Electronic Engineering and Computer Science
Queen Mary, University of London
Emails: (soren.riis,mgadouleau)@eecs.qmul.ac.uk

Abstract—A symbolic approach to communication networks,
where the topology of the underlying network is contained in a set
of formal terms, was recently introduced. Many communication
problems can be recast as dispersion problems in this setup. The
so-called min-cut of a term set represents its number of degrees of
freedom. For any assignment of function symbols, its dispersion
measures the amount of information sent to the destinations. It
was proved that the maximum dispersion asymptotically reaches
the min-cut of the term set. In this paper, we refine this result
in two ways. First, we prove a max-flow min-cut theorem for the
Rényi entropy with order less than one, given that the inputs
are equiprobably distributed; conversely, there is no max-flow
min-cut theorem for Rényi entropy with order greater than
one. Second, although linear coding functions have the practical
appeal of low complexity, we prove that they are insufficient
in general to reach the min-cut. More specifically, there exist
term sets which have an arbitrarily large dispersion for non-
linear coding functions, yet limited dispersion when linear coding
functions are considered. Conversely, we show that if there is a
solution based on low degree polynomials, then there exists a
linear solution.

I. INTRODUCTION

A multi-user communication problem is given by a network
with prescribed sets of sources and of destinations, where
the destinations request messages sent by the sources. The
general problem of determining whether all the demands of
the destinations can be satisfied at the same time (i.e. whether
the problem is solvable) is crucial, and as such has been widely
studied [1], [2] via techniques from network coding [3], [4].

In [5], the communication problem was represented via a
set of terms, which are concepts from logic. A term is built
on variables representing the messages sent by the sources,
and on function symbols representing coding functions at the
intermediate nodes. A term thus formally represents all the
possible operations undergone by messages from the sources
to the destinations. This novel representation is actually more
general than network coding, and hence offers not only a
generalization of results in network coding, but also a refor-
mulation in terms of flows.

A natural question is to determine the maximum amount of
information that can be transmitted to the destinations. This
problem can also be generalized for term sets. The min-cut of a
term set an be viewed as the number of degrees of freedom of
the set and hence represents the information bottlenecks on the
network. One measure of information introduced in [5] is the
dispersion, which is (the logarithm of) the number of possible

outputs, once the coding functions have been assigned. It was
proved in [5] that the maximum dispersion is asymptotically
given by the min-cut of the term set.

In this paper, we thus introduce different measures of
performance for the non-cooperative case where the inputs are
uniformly distributed based on the Rényi entropy [6]. These
measures characterize the amount of information that can be
inferred about the input messages when those are uniformly
distributed. We show that the dispersion is a special case of
the Rényi entropy. We prove a variant of the max-flow min-
cut theorem for the Rényi entropy with 0 < o < 1, thus
strengthening the result for the dispersion. Conversely, the
Rény entropy for o > 1 does not necessarily reach the min-
cut. Therefore, the Rényi entropy is sensitive to information
bottlenecks that cannot be taken into account via the min-cut
approach. However, the case of the Shannon entropy, where
a = 1, remains open.

In order to simplify the combinations operated at each
intermediate node and the decoding at each destination, linear
network coding only considers linear coding functions [7],
[8]. However, it is known that linear network coding is not
optimal in general [9], [10]. In this paper, we generalize
the inefficiency of linear network coding to the case of
communication networks based on terms sets. In particular,
we design a family of term sets with arbitrarily large min-cut
which can be achieved by using non-linear coding functions,
whereas the maximum dispersion achieved by linear functions
is only equal to 2. Conversely, we prove that if maximum
dispersion equal to the min-cut value can be achieved using
coding and decoding functions based on polynomials of fixed
degree, then it can be achieved using linear functions only.

The rest of the paper is organized as follows. Section II
reviews the concepts and the main results given in [5] on
communication networks based on term sets. Section III then
proves the max-flow min-cut theorem for the Rényi entropy for
these networks. Section IV then investigates the dispersion of
linear coding functions. Due to space restrictions, some claims
are given without proofs, which can all be found in [5].

II. COMMUNICATION NETWORKS BASED ON TERM SETS

A. Term sets

Let X = {x1,x9,...,x%} be a set of variables and consider
a set of function symbols { f1, fa,..., fi} with respective ari-
ties (numbers of arguments) di,ds,...,d;. A term is defined
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to be an object obtained from applying function symbols to
variables recursively.

We say that u is a subterm of ¢ if the term u appears in the
definition of ¢. Furthermore, u is a direct subterm of ¢t if t =
Ji(i,.. u,. . vg;), and f; is referred to as the principal
function of t.

We shall consider finite term sets, typically referred to as
I = {t1,ts,...,t.}. We denote the set of variables that occur
in terms in I' as I'y,, and the collection of subterms of one
or more terms in I' as I'g,p. Since each variable is a subterm
and since a term is a subterm of itself we have the inclusions
Fvar g FSllb and I’ g Fsub~

We now define a term-cut, which can be viewed as replacing
some subterms in the definition of a term by variables.

Definition I (Term-cut): A set of subterms s1,3,...,5, €
T'sup provides a term-cut of size p for I' if all the terms can
be expressed syntactically by applying function symbols to
S$1,525.--,5p.

A minimal term-cut for I' is a term-cut with minimum size,
referred to as the min-cut of I'. The min-cut can hence be
viewed as the number of degrees of freedom of the term set.
Clearly the min-cut is no more than the number of variables
k and the number of terms 7.

These concepts can be graphically explained as follows.

Definition 2 (The graph Gr): For a given term set I', the
directed graph Gr = (V, E,S,T) is defined to have vertex
set V' = Tqup, edge set E = {(u,v) : udirectsubtermof v},
source set S = I'y,;, and target set T =1T.

A set of subterms is a term-cut for I' if and only if it is a
vertex cut that separates S = I'y,, from 7" =TI in the directed
graph Gr. Notice that S N7 is non-empty if I' contains one
or more terms that are variables.

B. Dispersion

So far, we have treated function symbols as abstract entities.
We now study the case when these function symbols are
assigned explicit values.

Definition 3 (Model): Let A be a finite set with |A| > 2,
referred to as the alphabet. A model for T' over A is an
assignment of the function symbols v = {fi, fo,..., fi},
wherefi:Ad’? — Aforalll <i<]|.

Once all the function symbols f; are assigned coding
functions f;, then by composition each term t; € I'is
assigned a function ¢; : AF¥ — A. In order to simplify
notations, we shall write functions by the way they map a
tuple a = (ay, as, ..., a;) € AF, and we typically write tuples
in bold face. We shall abuse notations and also denote the
induced mapping of the model as v : A¥ — A", defined as

Y(a) = (ti(a),t2(a),. .., tr(a)).

Note that the definition of the induced mapping depends
on the ordering of terms in I'. However, our performance
measures for models and induced mappings will not depend
on a particular ordering.

We are especially interested in how 1) disperses its outputs,
and how much information about the inputs can be obtained

from the outputs. For any b € A", we denote the pre-image
of b as pre(b) = {a € A* : y)(a) = b}. The image and the
dispersion of 1 are respectively defined as

{be€ A" : |pre(b)| > 1},

log, 4| [image(¢))|.

image(t))
V(W) =

The dispersion is the analogue of the value of a flow for
information transfer on networks based on term sets.

We finally define the dispersion of I' over A as the maximal
I'-dispersion over all models for " over A, and we denote this
value by (T, |A]) as this quantity clearly depends on A via
its cardinality only.

C. Max-flow min-cut theorem for dispersion of term sets

Theorem 1 (Max-flow min-cut theorem for dispersion):

Let I' be a term set with min-cut of p, then for any alphabet
A, (T, |A]) < p. Conversely, lim| 4|00 (T, |A]) = p.

This theorem is proved using dynamic routing, which we
review below. According to the directed graph version of
Menger’s theorem [11], there exists a family P of p vertex-
disjoint directed paths from S = I'y,, to T = T. First of all,
let us assume that the term set is diversified, i.e. a distinct
function symbol g, is associated to each subterm v € I'gyp.
In that case, routing can be used.

Definition 4 (Routing): If u; is the direct subterm of v on
the same path in P, then we let g,(ai,as,...,aqs) = aj;.
Otherwise, i.e. if v does not belong to any path in P, then
gv(ar,ag,...,aq) = 1.

Note that our definition of routing depends on the set of
paths P, and hence is not unique. However, the dispersion of
routing does not depend on the choice of P. Using routing, all
points of the form (a1, as,...,a,,1,...,1) € AF are mapped
to (a1, as, .. ., 1) € A", thus yielding a I'-dispersion
of p.

The construction of coding functions for routing assumed
that each subterm v was assigned a distinct coding function.
However, in general distinct subterms might be assigned the
same function symbol (e.g., f(z,y) and f(y,x)). In general,
one can use dynamic routing, defined below.

For |A| > |Tsub|, there exist two sets B and R with
1 < |R| < |Tsup| such that |4] = |(Tsypb X B) U R| and
the union is disjoint. We shall abuse notation slightly and
assume A = (TI'yup X B) U R. By construction, a tuple
a = (a,az,...,aq4;) € A% either has an element in R or
has each a; = (u;, b;) € Tsup X B.

Definition 5 (Dynamic routing): For each subterm v &
T'supb, select a coding function g, over B using routing, as in
Definition 4. We define the functions f;(ay,as, ..., aq,;) over
A as follows. If each a; is of the form a; = (u;,b;) € [yup X B,
let s denote the term s = f;(u1,ug, ..., uq,); then if s € Igyp,

ap, 1.

fj(al,ag,...,adj) = (S,gs(bl,bz, .. -7bdj)) € sy X B.

Otherwise, let f;(a1,az,. .., aq;) = r for some r € R.
Remark that the headers u; of the inputs then indicate to
the coding function f; which subterm v it is located on, and
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hence which function g, to use. We say an input message
a; for the variable x; is correctly formatted if it is of the
form (z;,b;) where b; € B, and we denote the set of all
corrected inputs as I := {a € (Iyar X B)* : a; = (z;,b;)}
and the set of correctly formatted outputs as J := {a € (T x
B)" : a; = (tj,b;)}. The idea behind dynamic routing is
that if all inputs are correctly formatted (i.e. have the correct
headers) then the coding functions f; mimic the behavior of
the routing functions g,. Thus, correctly formatted messages
in I are mapped to correctly formatted outputs in J (as long
as they are mapped by the functions g, ), while other messages
are mapped to an “error message” in R.

III. MAX-FLOW MIN-CUT THEOREM FOR RENYI ENTROPY

Let I" be a set of r terms built on k£ variables, and let v
be a model for I" over an alphabet A. Once A and 1 are
fixed, the flow of data from the inputs a € A* to the outputs
1(a) € A" can be viewed as the transmission of a random
variable a taking values in A* through the channel operating
the induced mapping . Its capacity Cy is easily computed:

Cy = supl(ay(a))
= sup H(¥(a)) =1(¥), (M

where H denotes the Shannon entropy. The maximum is
reached when a has the following probability distribution:
for each b € image(¢), select a(b) € pre(b) and let
P{a = a(b)} = |image())|~t. Eq. (1) shows that the
capacity of the channel is given by the dispersion of the
model considered. Thus, the max-flow min-cut theorem for
the dispersion states that the channel capacity asymptotically
converges to the min-cut p of the term set, i.e.

sup Cy = supy(¢)) = p.
A A

We note that the capacity is achieved for a specific input
random variable which is not uniformly distributed over all
inputs. This represents the capacity achieved when the sources
are cooperative, i.e. they agree on a coding scheme for the
input. We are now interested in the case where the sources are
non-cooperative, and we assume that the inputs are uniformly
distributed over A".

This opens the question of the most accurate measure of
performance for a term set. If the input a € A* is uniformly
distributed, then v)(a) is a random variable with values in A",
where for all b € A"

po = P{y(a) = b} = |A|"*[pre(b)|.

The normalized Rényi Entropy over A of order a of the
random variable ¢(a), which we will simply denote as H, (1)),
is thus given for 0 < o < 1 or 1 < a < 0o by [6]

1 (3
Ho(y) = mlogw Z Dy
beAr
o 1 o
= o7 (k} alogw Z |pre(b)] ) .
bec A"

Three other special cases need close attention.

First, when o = 0, the Rényi Entropy is the logarithm of the
cardinality of the number of outcomes, which is often referred
to as the Hartley entropy. In our case, the Hartley entropy of
1 is equal to its dispersion, which is equal to the channel
capacity:

Ho(¢) := loga [{b € A : pp > 0} = ().

Second, we remark that log 4 [pre(b)| is the uncertainty
about the input when the message b is received. Hence the
variable k — log 4 [pre(b)| is the amount of information
(counted in symbols in A) that can be inferred about a from
b = ¢(a). The Shannon entropy, obtained when o = 1, is
therefore the expected amount of information inferred from
the term set about the input messages:

Hi(¢) :=— Z P log| 4 pb = E{k — log) 4 |pre(b)|}.
beAr

Third, when o = oo, the min-entropy quantifies the amount
of information that can be inferred from any output, by
considering the point b € A” with the most pre-images:

Hoo(y) := —log|4) max py = min {k — log) 4 \pre(b)\} :

Note that there exist models ¢, and v such that Hy(1)1) >
Ho(1p2) and yet H,(v1) < Hy(2) for some o > 0.
Therefore, having the highest dispersion does not guarantee
to perform well for the other measures.

The max-flow min-cut theorem for the dispersion indicates
that the Rényi entropy for @ = 0 tends to the min-cut of the
term set. Similarly to the dispersion, we denote the maximum
Rényi entropy over all models for I over A as H,(T,|A]).
We shall prove the following result.

Theorem 2 (Max-flow min-cut theorem for Rényi entropy):
Let I" be a term set built on k£ variables and with min-cut
of p, then lim| 4|00 Ho(I',|A]) = p for all 0 < o < 1.
Conversely, for any o > 1, there exists a term set I' with
min-cut p for which lim 4| Ha(T, |A]) < p.

Let us first prove the max-flow min-cut theorem for the
Rényi entropy with o < 1.

Proposition 1 (Max-flow min-cut theorem for o < 1): Let
T" be a term set built on & variables and with min-cut of p
and forall 0 < a <1let 3= p+ 2 kand n= (2|Tsup|) 7.
Then for any alphabet A with |A| > n, H,(T,|A|) > p—¢,
which is achieved by dynamic routing.

Proof: Suppose that dynamic routing is used
over an alphabet A (recall the notations from
Section II-C). It is clear that any output of the form
((tl,bl),(tg,bg),...,(tp,bp),(tp_;,_l,l),...,(tr,l)) S

(I x B)" has exactly |B|*~” pre-images, namely those
of the form ((w1,b1), (22,b2), ..., (zk,bx)) € (Tyar X B)F,
where b,y1,b,42,...,br € B. Let us denote this set of |B|?
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outputs as C' and compute the Rényi entropy of routing.

1 ke o
Huo(y) = l_alogw Z |B|*k) *kl_a
beC
R
= - p1 Fsu T
p—>B 08| A {| bl + IB|
> p—Ploga(2[Lsu]) =2 p—e

|
The Rényi entropy for large « is sensitive to some types
of bottlenecks which cannot be handled with the graphic
approach of max-flow min-cut. Indeed, we design below a
family of term sets for which the Rényi entropy does not tend
to the min-cut for o > 1 and arbitrarily close to 1. Therefore,
there is no max-flow min-cut theorem for the Rényi entropy
with a > 1.
For all k > 2, we define the set I';, of k2 terms, built on k2
variables x?, 0 <a,j <k—1 and on one function symbol f
of arity k, to be

Ty ={ti; = f(a:?,x;,x?,...,x?_l) :0<i,j<k-—1}.

Proposition 2 (No max-flow min-cut theorem for o« > 1):
The term set I';, has min-cut of k2. However, for o >
and all A,

k—1

2k —1Da—k

< k2.
a—1

Ho (T, |A]) <

Proof: First, we prove that I';, has min-cut of k2 by

constructing k? vertex-disjoint paths from T var to 'y, We

have x? € tj; forall j and if a > 1, 2§ € t;; for

any 0 < b < k — 1. Therefore, (z9,t;;) for all j and

(x‘j, tat+j mod k,;) forall ¢ > 1 and j form a set of k2 vertex-
disjoint paths.

Second, we give an upper bound on the Rényi entropy of
any model v for I'y; over an alphabet A. Consider the set
B={acAF :al=a)=...=d%_, =a°}, thenifa € B,
tij(a) =ty ;(a) for all i,7’, and j and only k terms are non
necessarily equal. Therefore, |B| = |A[¥*~k+1 while the size
of the image of B is at most |A|*. We have

o 1
Huo(y) < 2a_ 1~ HIOg\AI Z [pre(b)[*
bey(B)
< B - L logy (A1) @)
- a—1 a—1 °MA
2k —-1a—k
B a—1 ’

where (2) follows the fact that since o > 1, the summation is
minimized when all terms are equal. [ |

The case of the Shannon entropy (o« = 1) remains open.
This is an important question, as a max-flow min-cut theorem
for the Shannon entropy would mean that the amount of infor-
mation obtained in the non-cooperative case is asymptotically
equal to that in the cooperative case. We would like to illustrate
the difficulty of treating the Shannon entropy case. It can be
shown that for any fixed n and for any ¢ > 0, there exists
0 < o < 1 such that H;(X) > H,(X) — e for any probability

distribution X on n points. However, we show below that ¢
cannot be chosen independently of n.

Example 1: For 0 < o < 1 and for n > 2 consider the
probability distribution X = X, ,, given by:

11—«
P1r=pP2=..=Pn-1= y  Pn = Q.
n—1
We obtain
1—
HI(X) = _(1 _a)logn {?} _alognaa
n —

ﬁlogn {(n— 1) (;‘_i‘)a +aa}.

It is it not hard to show that lim,, .o, H1(X) = 1 — « while
lim,, o0 Ho(X) = 1, and hence

lim lim H;(X)=0#1=lim lim H,(X).

a—1n—oo a—1n—o0

We finish this section by comparing our results to the max-

flow min-cut for the one-to-one dispersion given in [5]. The
one-to-one dispersion of a model 7one(¢)) is the logarithm
of the number of images with exactly one pre-image, i.e.
it corresponds to the cases where all the information about
the input can be inferred from the given output. In [5], it
is shown that the one-to-one dispersion of a term set also
tends to the min-cut. It can be easily shown that the one-
to-one dispersion is no more than the dispersion; however, it
is a measure independent from any other Rényi entropy: for
any 0 < a < oo, there exist models 1; and i for which
vone(wl) < Ha(wl) while Wone(’(/}Z) > Ha(w2)~ Therefore,
the max-flow min-cut theorem for the one-to-one dispersion
cannot be viewed as a special case of Theorem 2.

IV. DISPERSION OF LINEAR CODING FUNCTIONS
A. Linear versus non-linear coding functions

We now consider the important class of linear coding
functions. First, scalar linear functions are defined when A
is organized as a field IF, for some prime power ¢, and the
coding functions f : Fg — P, are linear i.e. can be written
as f(a1,a9,...,aq) = Z?:l a;b; for by, ba,...,bg € Fy. A
more general class are the matrix-linear coding functions that
are defined when A is organized as a finite vector space V' and
the coding functions f : V¢ — V are linear i.e can be written
as f(ay,ag,...,aq) = ijl Fia; where F, Fy, ..., Fy are
linear maps from V to V.

Clearly, if the coding functions are linear, then so is the
induced mapping of the corresponding model, and hence the
dispersion of a linear model is always an integer. In particular,
if a term set I' with min-cut p is not solvable, then the
dispersion of any linear model for I" is at most p— 1. However,
by the max-flow min-cut theorem for the dispersion there
exist non-linear models with dispersion arbitrarily close to p,
and hence the highest dispersion may not always be achieved
by linear models. These considerations are strengthened in
Example 2 below, which exhibits a solvable term set for which
linear models are not optimal for all alphabet sizes.
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Example 2: Consider the term set

.= {f(ac,y),f(c(x),y),f(x»c(y))vc(z)}

with min-cut of 3. Then I' has a linear solution if A is
organized as a field with at least 4 elements. However, I" has a
non-linear solution over A = Fy but does not have any linear
solution over Fs.

We now significantly strengthen this result by designing a
solvable term set for which linear functions perform extremely
poorly in terms of dispersion. Let X = {z1,zo,..., 2}
be a set of variables and consider £ + 1 functions h;
of these variables: h;(z1,22,...,2x) = h;(X). We then
define the set I' built on the k variables in X and the
function symbols hq, ho, ..., hr+1 together with f of arity
k+ 1 and ¢1,92,...,95+1 of arities all equal to 1 by
I'= {tl,tg, e 7tk+1}, where

o= (0 (m (X)), ha(X), s (X), ... e (X) ).

Proposition 3: There exists n € N such that for any A with
|A] > n, T defined above is solvable over A, i.e. v(T',|A|) =
k. However, any linear model for I" has dispersion at most 2.

The construction above can be easily generalized to obtain
the following result.

Corollary 1: For any integers k > [ > 2, there exists a
solvable set I' with dispersion k over all alphabets of sufficient
large size where [ is the maximal I'-dispersion that can be
achieved by (matrix) linear coding functions.

We finally remark that because linear maps disperse infor-
mation uniformly, the Rényi entropy of a linear map does
not depend on the coefficient o and is hence equal to its
dispersion: for any linear model ¢ for I" over A, we have
Hoo(¥) = Ho () = y(¢) for all 0 < o < o0.

B. Perfect dispersion

In Section IV-A, we showed that there could be a huge
difference between the dispersion achievable by linear coding
functions and non-linear coding functions. In this section we
show that if the min-cut is achievable by the use of coding
functions of low degree (i.e. constant degree independently of
the size of the underlying field), then the min-cut is actually
achievable by the use of linear coding functions.

More precisely, let I' = {t1,t2,...,,.} be a term set built
on the variables {x,xs,...,x;} and with min-cut of p. Let
1) be a model for I' over an alphabet A with perfect I'-
dispersion of p. Then decoding functions for 1) are functions

di,da,...,d,: A" — A such that there exist i1, i, ...,i, for
which

(1010 ,) = (1 (U@)). do((a)). ... d, (@) ).

Theorem 3 (Low-degree solutions imply linear solutions):
Let I" be a term set built on the variables x1, s, ..., ) and
coding functions fi, fo,..., f; with min-cut of p. Assume
that there exist coding functions defined by fixed polynomials
D1,D2,---,01 € Zlay,as,...,ar] with dispersion p for
arbitrarily large fields F' of characteristic q. Then there exist

scalar linear coding functions over all sufficiently large fields
F' of characteristic ¢ that achieve perfect dispersion of p.
Proof: Consider a solution i) based on polynomials of
fixed degree. Since the coding and decoding functions are
all polynomials of fixed degrees, their compositions are also
polynomials of fixed degrees. Suppose ¢” is greater than all
polynomial degrees and let L be the linear part operator: for
any multivariate polynomial p over F«, L(p) is the linear part
of p. Then it is easy to check that L(p; o p2) = L(p1) o L(p2)
if the polynomial p; o p» has degree less than ¢*. Let us now
consider the model L(v)), defined as taking the linear part of
each coding function in %. The induced mapping of L(1))
is then equivalent to taking the linear part of the induced
mapping of v. Since d;(¢(a)) = a;, for all j, we have
L(dj)o L(y) = L(d; o) = a;, which forms a linear solution
with linear decoding functions. [ ]
We remark that the results in Section IV-A imply that
conversely, for each characteristic g there exist term sets with
solutions which require that at least some of the involved
coding functions (including decoding functions) should be
given by polynomials of degree at least |F'|. Example 3 gives
a term set with no linear solution, and where a solution is
given by polynomials whose degrees depend on the size of
the alphabet.
Example 3: Let

L= {f(f(z1,22), f(x2,21)), 9(g(x1,72), g(22,21)) } .

This term set has no (scalar) linear solution over fields of
characteristic 2, yet it has non-linear solutions over fields of
size divisible by 4.
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