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Abstract—Constant-dimension codes (CDCs) have been inves-
tigated for noncoherent error correction in random network
coding. The maximum cardinality of CDCs with given minimum
distance and how to construct optimal CDCs are both open
problems, although CDCs obtained by lifting Gabidulin codes,
referred to as KK codes, are nearly optimal. In this paper, we
first construct a new class of CDCs based on KK codes, referred
to as augmented KK codes, whose cardinalities are greater than
previously proposed CDCs. We then propose a low-complexity
decoding algorithm for our augmented KK codes using that for
KK codes. Our decoding algorithm corrects more errors than
a bounded subspace distance decoder by taking advantage of
the structure of our augmented KK codes. In the rest of the
paper we investigate the covering properties of CDCs. We first
derive bounds on the minimum cardinality of a CDC with a given
covering radius and then determine the asymptotic behavior of
this quantity. Moreover, we show that liftings of rank metric codes
have the highest possible covering radius, and hence liftings of
rank metric codes are not optimal packing CDCs. Finally, we
construct good covering CDCs by permuting liftings of rank
metric codes.

I. INTRODUCTION

Constant-dimension codes (CDCs) are codes defined in the
Grassmannians of a vector space over a finite field. Since
error correction in noncoherent random network coding can
be treated as a coding problem where codewords are linear
subspaces, CDCs have attracted a lot of attention recently
(see, for example, [1]-[5]). Two metrics have been defined for
CDCs based on different channel models. A subspace metric
is defined for correcting errors and erasures that typically
occur on the network [1]; an injection metric is also proposed
for an adversarial channel model, where an adversary has
knowledge of all packets transmitted and tries to disrupt
the communication by injecting properly chosen packets [2].
For CDCs, the subspace distance spectrum and the injection
distance spectrum are equivalent up to a scalar, and hence
either metric can be used for CDCs.

Construction of CDCs has received growing attention in the
literature recently. In [1], a Singleton bound for CDCs and a
family of codes were proposed, which are nearly Singleton-
bound-achieving and referred to as KK codes henceforth. A
multi-step construction of CDCs was proposed in [3], and we
call these codes Skachek codes; Skachek codes have larger
cardinalities than KK codes in some scenarios, and reduce to
KK codes otherwise. Further constructions for small parameter
values were given in [4] and the Johnson bound for CDCs was
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derived in [5]. Although the CDCs in [5] are optimal in the
sense of the Johnson bound, they exist in some special cases
only. Despite these previous works, the maximum cardinality
of a CDC with a given minimum distance and how to construct
optimal CDCs remain open problems.

Although the packing properties of CDCs were investigated
in [1], [3]-[5], the covering properties of CDCs have received
little attention in the literature. Covering properties are sig-
nificant for error control codes, and the covering radius is a
basic geometric parameter of a code [6]. For instance, if the
minimum distance decoding is used, then the covering radius
is the maximum weight of a correctable error vector [7]. The
covering radius is also crucial for code design: if the covering
radius is no less than the minimum distance of a code, then
there exists a supercode with the same minimum distance and
greater cardinality.

This paper has two main contributions. First, we introduce
a new class of CDCs, referred to as augmented KK codes.
The cardinalities of our augmented KK codes are always
greater than those of KK codes, and in most cases the cardi-
nalities of our augmented KK code are greater than those of
Skachek codes. Furthermore, we propose an efficient decoding
algorithm for our augmented KK codes using the bounded
subspace distance decoding algorithm in [1]; our decoding
algorithm corrects more errors than a bounded subspace dis-
tance decoder. Second, we investigate the covering properties
of CDCs. We first derive some key geometric results for
Grassmannians. Using these results, we derive upper and lower
bounds on the minimum cardinality of a CDC with a given
covering radius. Since these bounds are asymptotically tight,
we also determine the asymptotic behavior of the minimum
cardinality of a CDC with a given covering radius. Although
liftings of rank metric codes can be used to construct packing
CDC:s that are optimal up to a scalar (KK codes, for example),
we show that all liftings of rank metric codes have the greatest
covering radius possible; our result implies that liftings of
rank metric codes are not optimal packing CDCs. We finally
construct good covering CDCs by permuting liftings of rank
metric codes.

The rest of the paper is organized as follows. To be self-
contained, Section II reviews some necessary background.
In Section III, we present our augmented KK codes and
a decoding algorithm for these codes. In Section IV, we
investigate the covering properties of CDCs.
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Due to space limitations, all proofs are omitted and are
available in [8].

II. PRELIMINARIES

We refer to the set of all subspaces of GF(q)" with
dimension r as the Grassmannian of dimension r and denote
it as E,(g,n); we refer to E(¢q,n) = U,_, Er(¢,n) as the
projective space. For U,V € E(q,n), both the subspace metric
[, 3] U, V) € 2dimU + V) — dim(U) — dim(V)
and injection metric [2, Def. 1] d,(U, V) &f dim(U + V) —
min{dim(U), dim(V)} are metrics over E(g,n). A subspace
code is a nonempty subset of E(q,n). The minimum subspace
(respectively, injection) distance of a subspace code is the
minimum subspace (respectively, injection) distance over all
pairs of distinct codewords.

The Grassmannian E,.(q,n) endowed with both the sub-
space and injection metrics forms an association scheme [1],
[9]. For all U,V € E,(q,n), ds(U, V) = 2d,(U,V) and
the injection distance provides a natural distance spectrum,
ie, 0 < d(U,V) < r. We have |E,(¢q,n)| = ['], where
[} = Il &=%

r i=0 ¢"—q

satisfies

is the Gaussian binomial [10], which
-Tr n - r\n—r
g < H <K;lgm ()

forall 0 < r < n, where K, = H;’il(l—q_j) [11]. We denote
the number of subspaces in E,.(¢g,n) at distance d from a given
subspace as Ne(d) = ¢ [7][™*77] (11, and denote the volume
of a ball in F,.(¢,n) of radius ¢ as V¢(t) = th=0 Nc(d).

A constant-dimension code is a subset of F,.(¢,n), and
is thus a subspace code whose codewords have the same
dimension. We denote the maximum cardinality of a CDC
in E,.(q,n) with minimum distance d as A(q,n,r,d). Con-
structions of CDCs and bounds on Aq(g,n,r,d) have been
given in [1], [3]-[5], [12]. In particular, A.(¢g,n,r, 1) = [TT‘]
and it is shown [3], [5] for 7 < |%] and 2 < d <'r,

qn(r7d+1) _ q(r+l)(rfd+1)

[T‘—TdL—‘rl]
prCTEy— < Aclg,m,md) < T )
where [ = n mod r. We denote the lower bound on
Ac(g,n,r,d) in (2) as L(g,n,r,d). The lower bound is due
to the class of codes proposed by Skachek [3], and we refer
to these codes as Skachek codes.

CDCs are closely related to rank metric codes [13]-[15],
which can be viewed as sets of matrices in GF(q)™*". The

rank distance between two matrices C,D € GF(¢)™*" is

defined as d;(C, D) &f rk(C — D). The maximum cardinality

of a rank metric code in GF(g)"*™ with minimum distance
d is given by min{g™("~d+1) ¢n(m=d+1)} and codes that
achieve this cardinality are referred to as maximum rank
distance (MRD) codes. In this paper, we shall only consider
either MRD codes introduced independently in [13]-[15] for
n < m, or their transpose codes for n > m. The mini-
mum cardinality K,(¢™,n,p) of a code in GF(q)™*" with
rank covering radius p is studied in [16], [17] and satisfies
Ki(q™,n, p) = Kx(q",m, p) [16].
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CDCs are related to rank metric codes through the lifting
operation [18]. Denoting the row space of a matrix M as
R(M), the lifting of C € GF(q)"*("=") is denoted as I(C) =
R(1,|C) € E,.(q,n). For all C,D € GF(q)"*("~") we have
d,(I(C),I(D)) = dx(C,D) [18]. A KK code in E,.(¢q,n) with
minimum injection distance d is the lifting I(C) C E.(q,n)
of an MRD code C C GF(g)"*("~") with minimum rank
distance d and cardinality min{q("—")(r—d+1) gr(n=r=d+1)1
An efficient bounded subspace distance decoding algorithm
for KK codes was also given in [1]. Although the algorithm
was presented for » < Z, it can be easily generalized to all r.

III. CONSTRUCTION OF CDCs

In this section, we construct a new class of CDCs, referred
to as augmented KK codes, which properly contain KK codes.
We also show that the cardinalities of our augmented KK
codes are greater than those of Skachek codes in most cases.
Furthermore, we propose a low-complexity decoder for our
augmented KK codes based on the bounded subspace distance
decoder in [1]. Since dual CDCs preserve the distance, we
assume r < 3 without loss of generality.

A. Augmented KK codes

Our augmented KK code is so named because it has a
layered structure and the first layer is simply a KK code.
We denote a KK code in E,(g,n) with minimum injection
distance d (d < r by definition) and cardinality ¢(?—")("—d+1)
as €% For 1 < k < |%|, we first define two MRD
codes C*¥ and DF, and then construct £* based on C* and
DF. CF is an MRD code in GF(q)"—*9*kd with mini-
mum distance d for k < LEJ -1 (}””J > [gJ) and

d d
clal = {0} C GF(q)(T_Lﬂd)X\_g 4, DF is an MRD
code in GF(q)"*(™ "% with minimum distance d for
k< |m="|-1and DLT) = {0} € GF(g)* (mr- 17" ]4),
For 1 <k < |%]|, I(C*) and I(D¥) are either trivial codes or
KK codes with minimum injection distance d in E,_xq(q,r)
and E,(q,n — kd), respectively. For 1 <k < | 5|, CF e C*,
and Dé‘? € DF, we define EZ’“j € E.(¢g,n) as the row space of

I_ Ctl o C*|—1,|DF|—1
( o o111 Ph ) and &F = {EF}C TP
Our augmented KK code is simply £ = U,&ig &k Tt can be
shown that £ has minimum injection distance d, and hence
minimum subspace distance 2d.

Let us first determine the cardinality of our augmented
KK codes. By construction, £ has cardinality || =
q("_T)(T_dH)—FZ,EJl |C¥||D¥|, where |CL5J| =land|CF| =
min{g(r—kd) (k=1 gkdr—kd—d+1)} for | < k < w _1
and |DL%J| =1 and
|Dk| _ min{qr(nfrfkdffbkl)’ q(nfrfkd)(rfdJrl)} forl1 <k<
[ - 1.

Let us compare the cardinality of our augmented KK
codes to those of KK and Skachek codes. Note that all
three codes are CDCs with minimum injection distance d in
E,.(q,n). First, it is easily shown that our augmented KK
codes properly contain KK codes for all parameter values.
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r | d KK Skachek | Augmented KK

2|2 256 340 320

312 16384 16640 17408
3 128 144 144

412 | 262144 262144 278544
3 4096 4096 4112
4 64 64 65

51 2 | 1048576 | 1048576 1056769
3 32768 32768 32769
4 1024 1024 1025
5 32 32 33

TABLE I

CARDINALITIES OF KK CODES, SKACHEK CODES, AND AUGMENTED KK
CODES IN E.(2,10) FOR 2 < r < 5.

This is a clear distinction from Skachek codes with cardinality
L(g,n,r,d), which by (2) reduce to KK codes for 3r > n.
When 3r < n, we can show that |§] — ¢(»~"(r—d+D) >
KyqU=D0=d+0(1(g,n,r,d) — ¢~ =441 and our aug-
mented KK codes have a greater cardinality than Skachek
codes when d < r. We emphasize that for CDCs of dimension
r, their minimum injection distance d satisfies d < r. A
Skachek code is constructed in multiple steps, and in the %-
th step (¢ > 1), subspaces that correspond to a KK code
in E,.(q,n — ir) are added to the code. When d = r, our
augmented KK code £ is actually the code obtained after the
first step.

To illustrate the differences between KK codes, Skachek
codes, and our augmented KK codes, the cardinalities of the
three classes of codes are compared in Table I for ¢ = 2,
n = 10, and 2 < r < 5. For the parameters considered in
Table I, augmented KK codes have the greatest cardinality for
all but one case, where d = r = 2.

B. Decoding of Augmented KK codes

Let A = (Ag|As) € GF(q)**™ be the received matrix,
where Ay € GF(q)**" and Az € GF(q)**("~"). We propose
a decoding algorithm that either produces the unique codeword
in € closest to R(A) in the subspace metric or returns a failure.
Suppose the minimum subspace distance of our augmented
KK codes is denoted as 2d, a bounded distance decoder would
find the codeword that is closest to R(A) up to subspace
distance d — 1. Our decoding algorithm always returns the
correct codeword if it is at subspace distance at most d — 1
from the received subspace, thus correcting more errors than
a bounded subspace distance decoder.

Given the layered structure of &, our decoding algorithm
for £ is based on a decoding algorithm for £, shown below
in Algorithm 1, for any k. We denote the codewords in £° as
EQ ; for 0 <j <[€% - 1.

Algorithm 1: EBDD(k, A).

Input: £ and A = (A1]Az]A3) € GF(¢)**", A; €
GF(q)aX(rfkd)’ A, € GF(q)and, As e GF(q)aX(nfr).
Output: (Ef;, dy, fi).
1.1 If k = 0, use the decoder for £° to obtain E8 , calculate
dr, = ds(R(A), on) and return (on,dk,O) If the
decoder returns a failure, return (1(0),d,0).
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1.2 Use the decoder of I(C*) on (A1]|A3) to obtain C¥. If
the decoder returns a failure, set Cf =0, Dé’? =0 and
return (Ef;,d,0).

1.3 Use the decoder of I(D¥) on (A;|A3) to obtain Dk
It the decoder returns a failure, set D’C =0 and return
( 9,77 d 0)

1.4 Calculate d, = dg(R(A),E
max{dy(R(A1|Az), 1(CF)), d,
and return (E};, dy, fr).

Algorithm 1 is based on the bounded distance decoder
proposed in [1]. When k = 0, £° is simply a KK code, and
the algorithm in [1] is used directly; when k£ > 1, given the
structure of £F, two decoding attempts are made based on
(A1]As) and (A1|A3), and both use the decoding algorithm
in [1].

We remark that Algorithm 1 always returns (E} ;, dy, fx).
If a unique nearest codeword in £F at distance no more than
d — 1 from R(A) exists, then Steps 1.2 and 1.3 succeed
and Algorithm 1 returns the unique nearest codeword in Ef -
However, when such unique codeword in £ at distance no
more than d — 1 does not exist, the return value f; can be
used to find the unique nearest codeword because fj is a
lower bound on the distance from the received subspace to
any other codeword in & k_ Also, when fr = 0, Algorithm 2
below always returns a failure. Thus, we call Algorithm 1 an
enhanced bounded distance decoder.

The algorithm for £ thus follows.

Algorithm 2: Decoder for €.

Input: A = (Ap|A3) € GF(q)**", Ag € GF(¢)**", A3 €
GF(q)aX(nfr)-

Output: Either a failure or the unique nearest codeword in &€
from R(A).

2.1 If rk(A) < r —d+ 1, return a failure.

2.2 Calculate r —rk(Ag) = ld+m where 0 < I < |%| and
0<m<d.

2.3 Call EBDD(I, A) to obtain (E} ;,dy, f;). If dy <d —1,

return Efj

If mm = 0, return a failure. Otherwise, call EBDD(I +
1,A) to obtain (E;g i, fier). odpyy < d—1,
return Eitl

25 If d; < mln{d+m Ji,dig1, fiyr,2d —m}, return E} .
If diy1 < min{d+m,dy, fi, fi+1,2d—m}, return Eétl
Return a failure.

F;) and fi = 2d —
(R(A1|A3), I(DF))}

24

2.6

Proposition 1: 1f the received subspace is at subspace dis-
tance at most d — 1 from a codeword in &, then Algorithm 2
returns this codeword. Otherwise, Algorithm 2 returns either a
failure or the unique nearest codeword to the received subspace
in the subspace metric.

We note that when rk(A) < r —d + 1, Steps 1.2 and 1.3
would both fail, and Algorithm 2 will return a failure. We
also justify why Algorithm 2 returns a failure if d; > d and
m = 0 in Step 2.3. Suppose d; > d and m = 0 and we
apply Algorithm 1 for £+, Then we have d; > d + m and
di+1 > |d—m| = d+m. Therefore, neither inequality in Step
2.5 is satisfied and the decoder returns a failure.
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By Proposition 1, Algorithm 2 decodes beyond the half dis-
tance. However, the decoding radius of Algorithm 2 is limited.
It is easy to see that the decoding radius of Algorithm 2
is at most d + || due to the terms d + m and 2d — m
in the inequalities in Step 2.5. We emphasize that this is
just an upper bound, and its tightness is unknown. Suppose
r—1k(Ao) = ld+m, when Algorithm 2 decodes beyond half
distance, it is necessary that f; and f;; be both nonzero in
Step 2.5. This implies that the row space of (A1]A5) is at
subspace distance no more than d — 1 from I(C') and I(C'*1)
and that the row spaces of (A1|Aj) are at subspace distance
no more than d — 1 from I(D') and I(D'*1).

We note that the inequalities in Step 2.5 are strict in order
to ensure that the output of the decoder is the unique nearest
codeword from the received subspace. However, if one of the
nearest codewords is an acceptable outcome, then equality can
be included in the inequalities in Step 2.5.

Our decoding algorithm can be readily simplified in order
to obtain a bounded subspace distance decoder, by removing
Step 2.5. We emphasize that the general decoding algorithm
has the same order of complexity as this simplified bounded
subspace distance decoding algorithm.

The complexity of the bounded subspace distance decoder
in [1] for a KK code in E(g, n) is on the order of O(n?) opera-
tions over GF(¢)"~" for r < %, which is hence the complexity
of decoding £°. This algorithm can be easily generalized to
include the case where r > 7, and we obtain a complexity on
the order of O(n?) operations over GF(¢™®{"»=7}) Thus
the complexity of decoding 7(C*) and I(D*) for k > 1 is on
the order of O(r?) operations over GF(qmax{kdr=kd}) anqd
O((n — kd)?) operations over GF(gm&x{rn—kd=r}) " respec-
tively. The complexity of the decoding algorithm for £ is on
the order of the maximum of these two quantities. It is easily
shown that the complexity is maximized for £ = 0, that is,
our decoding algorithm has the same order of complexity as
the algorithm for the KK code &£°.

IV. COVERING PROPERTIES OF CDCSs

The packing properties of CDCs have been studied in [1],
[3]-[5], [12] and an asymptotic packing rate of CDCs was
defined and determined in [1]. Henceforth in this section, we
focus on the covering properties of CDCs in the Grassmannian
instead. We emphasize that without loss of generality, we
consider only the injection distance and assume r < % in

this section.

A. Properties of balls in the Grassmannian

We first investigate the properties of balls in the Grass-
mannian E,.(q,n), which will be instrumental in our study
of covering properties of CDCs. First, we derive bounds on
the volume of balls in E,.(q,n).

We now determine the volume of the intersection of two
spheres of radii u and s respectively and distance d between
their centers, which is referred to as the intersection number
Je(u, s,d) of the association scheme [19]. The intersection
number is an important parameter of an association scheme.
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Lemma 1: For all u, s, and d between 0 and r,

1 - N
Jc(u’ S, d) - W ; NiEu<Z)E5<Z)Ed(Z)a

where 11; =[] — [,",] and E;(i) is a g-Eberlein polynomial
[20].

Although Lemma 1 is obtained by a direct application
of Theorems 3.5 and 3.6 in [21, Chapter II], we present it
formally here since it is a fundamental geometric property
of the Grassmannian and is very instrumental in our study
of CDCs. Let I.(u,s,d) denote the intersection of two balls
in E,(q,n) with radii v and s and distance d between their
centers. Since I(u,s,d) = 37" >0 Je(i, j,d), Lemma 1
also leads to an analytical expression for I.(u, s, d).

We derive below an upper bound on the union of balls in
E.(gq,n) with the same radius.

Lemma 2: The volume of the union of any K balls in
E,(q,n) with radius p is at most

l
Be(K,p) = KVi(p) = Y I(p,p,r —a+1)
a=1

’ [Ac(q,n,r,rfaJrl) 7AC(Q7n7rraT*a+2)]
—[K = Acg,n,ryr =L+ D)Le(p, pr = 1), (3)

where | = max{a : K > Ac(q,n, 7,7 —a+1)}.

We remark that using any upper bound on A.(g,n,r,r—a+
1) in the proof of Lemma 2 leads to a valid upper bound on
B.(K, p). Hence, although the value of A.(q,n,7,r —a+1)
is unknown in general, the upper bound in (2) can be used in
(3) in order to obtain an upper bound on the volume of the
union on balls in the Grassmannian.

B. Covering CDCs

The covering radius of a CDC C C E,.(q,n) is defined
as p = Maxyeg,(qn) &(U,C). We denote the minimum
cardinality of a CDC in FE,(g,n) with covering radius p
as K.(q,n,r, p). Since K.(q,n,n — r,p) = Kc(q,n,rp),
we assume r < |Z]. Also, Kc(q,n,7,0) = ['] and
K.(g,n,r,r) = 1, hence we assume 0 < p < r henceforth.
We first derive lower bounds on K.(g,n,r,p).

Lemma 3: For all q, n, r < L%J and 0 < p < 7,
K.(q,n,r,p) > min {K : B(K, p) > [2] > VLT(]p).

The latter lower bound in Lemma 3 is referred to as the
sphere covering bound for CDCs. We remark that this bound is
a simple union bound, which does not involve the intersection
of balls. However, the Grassmannian is an association scheme,
which provides an analytical formula for the volume I.(u, s, d)
of the intersection of two balls. The earlier upper bound in
Lemma 3 takes advantage of this property through the formula
for B.(K, p) in Lemma 2. Since the volume of the intersection
of three balls has a completely different behavior, considering
the intersection of more than two balls would be much more
difficult.

We now derive upper bounds on K (g,n,r,p). First, we
investigate how to expand covering CDCs.
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n

Lemma 4: For all ¢q, n, r < bJ and 0 < p < 7,
Kc(g,n,r,p) < Kc(gn — Lr,p — 1) < [*?], and
Kc(q7’l’l,,’l", p) S KC(q7nur - ]-7p - ]-) S I:rﬁp:l'

The next bound is a direct application of [6, Theorem
12.2.1].
Proposition 2: For all ¢, n, r < L%J, and 0 < p < 7,

Kelg,n,r,p) < gk {1+ Ve(p)}.

The bound in Proposition 2 can be refined by applying the
greedy algorithm described in [22] to CDCs. This algorithm
begins with a code for which the balls with radius p centered at
the codewords cover the most subspaces in the Grassmannian.
Hence, the algorithm uses a code with minimum distance 2p+
1 for 2p+1 < r, or a single codeword for 2p+1 > r. Since the
performance of the algorithm depends only on the cardinality
of the code, we use below our augmented KK codes, which
have the greatest known cardinality in most cases. We remark
that due to our discussion in Section III, Skachek codes have a
greater cardinality and hence should be preferably used when
2p+1=r.

Proposition 3: Let ko be the cardinality of an augmented
KK code with minimum distance 2p + 1 in E,.(¢,n) for
2p < r and kg = 1 for 2p > r. Then for all £ >
ko, there exists a CDC with cardinality k£ which covers at

least ["] — uy, subspaces, where uy, def ["] = koVe(p) and
min{[ﬁiicgc)(va)} for all £k > kg. Thus
Kc(q,n,7, p) < min{k : uy = 0}.

Using the bounds derived above, it can be shown that
K.(g,n,r,p) is on the order of ¢"(»~7)=r(n=p),

We finish this section by studying the covering properties
of liftings of rank metric codes. We first prove that they have
maximum covering radius.

Lemma 5: Let I(C) C E,(q,n) be the lifting of a rank
metric code in GF(g)"*("~"). Then I(C) has covering radius
T.

Lemma 5 is significant for the design of CDCs. It is shown
in [1] that liftings of rank metric codes can be used to
construct nearly optimal packing CDCs. However, Lemma 5
indicates that for any lifting of a rank metric code, there
exists a subspace at distance r from the code. Hence, adding
this subspace to the code leads to a supercode with higher
cardinality and the same minimum distance since d < r. Thus
an optimal CDC cannot be designed from a lifting of a rank
metric code.

Although liftings of rank metric codes have poor covering
properties, below we construct a class of covering CDCs by
using permuted liftings of rank metric covering codes. We thus
relate the minimum cardinality of a covering CDC to that of
a covering code with the rank metric.

Proposition 4: For all ¢, n, 7 < |%], and 0 < p < 7,
KC(Q7 n,r, p) S (Z)Kk(qnira T, ,0)

It is shown in [16] that for r < n —r, K (¢""",r,p)
is on the order of ¢"("~")=P("=r) which is also the order
of K.(¢,n,r,p). The bound in Proposition 4 is relatively

tighter for large ¢ since () is independent of g. Also, since

Uk+1 = Up —
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(f) < 27 for all r, it can be easily shown that the bound
in Proposition 4 is asymptotically optimal. Finally, since the
exact value of Ky(¢"~",r,p) is in general unknown [16], it is
difficult to compare the upper bound in Proposition 4 to that
in Proposition 2.
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