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Abstract—This paper investigates packing and covering proper-
ties of codes with the rank metric. First, we investigate packing
properties of rank metric codes. Then, we study sphere covering
properties of rank metric codes, derive bounds on their parame-
ters, and investigate their asymptotic covering properties.

Index Terms—Covering radius, error control codes, rank metric
codes.

1. INTRODUCTION

LTHOUGH the rank has long been known to be a metric
A implicitly and explicitly (see, for example, [1]), the rank
metric was first considered for error control codes by Delsarte
[2]. The potential applications of rank metric codes to wireless
communications [3], public-key cryptosystems [4], storage
equipments [5], [6], and network coding [7]-[9] have motivated
a steady stream of works [2], [5], [6], [10]-[22], described
below, that focus on their properties.

The majority [2], [5], [6], [10], [15], [16], [18], [20], [21]
of previous works focus on rank distance properties, code con-
struction, and efficient decoding of rank metric codes. Some
previous works focus on the packing and covering properties of
rank metric codes. Both packing and covering properties are sig-
nificant for error control codes, and packing and covering radii
are basic geometric parameters of a code, important in several
respects [23]. For instance, the covering radius can be viewed as
a measure of performance: if the code is used for error correc-
tion, then the covering radius is the maximum weight of a cor-
rectable error vector [24]; if the code is used for data compres-
sion, then the covering radius is a measure of the maximum dis-
tortion [24]. The Hamming packing and covering radii of error
control codes have been extensively studied (see, for example,
[25] and [26]), whereas the rank packing and covering radii have
received relatively little attention. It was shown that nontrivial
perfect rank metric codes do not exist in [11], [12], and [19].
In [13], a sphere covering bound for rank metric codes was in-
troduced. Generalizing the concept of rank covering radius, the
multicovering radii of codes with the rank metric were defined
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in [14]. Bounds on the volume of balls with rank radii were also
derived [22].

In this paper, we investigate packing and covering properties
of rank metric codes. The main contributions of this paper are
as follows.

* In Section III, we investigate the packing properties of
rank metric codes and also derive the asymptotic maximum
code rate for a code with given relative minimum rank dis-
tance.

* In Section IV, we establish further properties of elemen-
tary linear subspaces (ELSs) [21] and investigate proper-
ties of balls with rank radii. In particular, we derive both
upper and lower bounds on the volume of balls with given
rank radii, and our bounds are tighter than their respective
counterparts in [22]. These technical results are used later
in our investigation of properties of rank metric codes.

* In Section V, we first derive both upper and lower bounds
on the minimal cardinality of a code with given length
and rank covering radius. Our new bounds are tighter than
the bounds introduced in [13]. We also establish additional
sphere covering properties for linear rank metric codes, and
prove that some classes of rank metric codes have maximal
covering radius. Finally, we establish the asymptotic min-
imum code rate for a code with given relative covering ra-
dius.

II. PRELIMINARIES

A. Rank Metric

Consider an n-dimensional vector £ = (zg, Z1,...,Zpn—1) €
GF (¢"™)™. The field GF (¢"™) may be viewed as an m-dimen-
sional vector space over GF (¢). The rank weight of z, denoted
as rk(z), is defined to be the maximum number of coordinates
in z that are linearly independent over GF (¢) [10]. Note that
all ranks are with respect to GF (¢q) unless otherwise specified
in this paper. The coordinates of & thus span a linear subspace
of GF(¢™), denoted as &(z) or &(zg,z1,...,%,-1), With
dimension equal to rk(z). For any basis B,, of GF(¢™) over
GF (g¢), each coordinate of & can be expanded to an rn-dimen-
sional column vector over GF (q) with respect to B,,. The
rank weight of & is hence the rank of the m X n matrix over
GF (q) obtained by expanding all the coordinates of z. For all
z,y € GF (¢™)", it is easily verified that dg (z, y)défrk(z -y)
is a metric over GF (¢™)" [10], referred to as the rank metric
henceforth. The minimum rank distance of a code C, denoted as
dr(C), is simply the minimum rank distance over all possible
pairs of distinct codewords. When there is no ambiguity about
C, we denote the minimum rank distance as dg.
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Because the rank weight can be defined from either a matrix
perspective or a vector viewpoint, both the matrix form [2], [6]
and the vector form [10] for rank metric codes have been con-
sidered in the literature. Following [10], in this paper, we use
mostly the vector form over GF (¢™) for rank metric codes so
that our results and their derivations for rank metric codes can be
readily related to their counterparts for Hamming metric codes.
The matrix perspective is also used when it either is more con-
venient or provides more insights.

B. Sphere Packing and Sphere Covering Problems

The sphere packing problem we consider is as follows: given
a finite field GF (¢™), length n, and radius r, what is the max-
imum number of nonintersecting balls with radius r that can be
packed into GF (¢™)"? The sphere packing problem is equiva-
lent to finding the maximum cardinality of a code over GF (¢™)
with length n and minimum distance d > 2r + 1: the spheres of
radius 7 centered at the codewords of such a code do not in-
tersect one another. Furthermore, when these nonintersecting
spheres centered at all codewords cover the whole space, the
code is called a perfect code.

The covering radius p of a code C with length n over GF (¢™)
is defined to be the smallest integer p such that all vectors in the
space GF (¢™)™ are within distance p of some codeword of C
[26]. It is the maximal distance from any vector in GF (¢")"
to the code C'. That is, p = MAaX,  GF (gm)n {d(z,C)}. Also, if
C C (', then the covering radius of C is no less than the min-
imum distance of C”. Finally, a code C' with length n and min-
imum distance d is called a maximal code if there does not exist
any code C’ with the same length and minimum distance such
that C C C’. A maximal code has covering radius p < d — 1.
The sphere covering problem for the rank metric can be stated as
follows: given an extension field GF (¢™), length n, and radius
p, we want to determine the minimum number of balls of rank
radius p, which cover GF (¢™)" entirely. The sphere covering
problem is equivalent to finding the minimum cardinality of a
code over GF (¢™™) with length » and rank covering radius p.

III. PACKING PROPERTIES OF RANK METRIC CODES

It can be shown that the cardinality K of a code C' over
GF (¢"™) with length n and minimum rank distance dg satisfies
K < min{gmn—drtl) gn(m=dr+D1 We refer to this bound
as the Singleton bound for codes with the rank metric, and refer
to codes that attain the Singleton bound as maximum rank dis-
tance (MRD) codes. We remark that special cases of this more
general Singleton bound were proposed in [10], [6], and [27].

For any given parameter set n, m, and dgr, explicit construc-
tion for linear or nonlinear MRD codes exists. For n < m and
dr < n, generalized Gabidulin codes [16] can be constructed.
For n > m and dg < m, an MRD code can be constructed
by transposing a generalized Gabidulin code of length m and
minimum rank distance dg over GF (¢™), although this code is
not necessarily linear over GF (¢"). When n = Im (I > 2),
linear MRD codes of length n and minimum distance dg can
be constructed by a Cartesian product G! of an (m, k) gen-
eralized Gabidulin code G. Although maximum distance sep-
arable codes, which attain the Singleton bound for the Ham-
ming metric, exist only for limited block length over any given
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field, MRD codes can be constructed for any block length n and
minimum rank distance dg over arbitrary fields GF (¢™). This
has significant impact on the packing properties of rank metric
codes as explained below.

For the Hamming metric, although nontrivial perfect codes
do exist, the optimal solution to the sphere packing problem
is not known for all the parameter sets [25]. In contrast, for
rank metric codes, although nontrivial perfect rank metric
codes do not exist [11], [12], MRD codes provide an optimal
solution to the sphere packing problem for any set of pa-
rameters. For given n,m, and r, let us denote the maximum
cardinality among rank metric codes over GF (¢™) with length
n and minimum distance dg = 2r + 1 as Ar(q¢™,n,dR).
Thus, for dg > min{n,m}, Ag(¢™,n,dgr) = 1 and for
dr < min{n? m}7 AR(qma n, dR) = min{qm(n—drﬁ-l)?
g (m—drtl) }. Note that the maximal cardinality is achieved by
MRD codes for all parameter sets. Hence, MRD codes admit
the optimal solutions to the sphere packing problem for rank
metric codes.

The performance of Hamming metric codes of large block
length can be studied in terms of asymptotic bounds on the rela-
tive minimum distance in the limit of infinite block length. Next,
we derive the asymptotic form of Ag(¢™,n,dr) when both
block length and minimum rank distance go to infinity. How-
ever, this cannot be achieved for finite m because the minimum
rank distance is no greater than m. Thus, we consider the case
where lim,, o, 7= = b, where b is a constant.

def ;.
Define 6= lim,,— o0 ‘%‘ and

a(é)déf lim sup[log,.. Ar(¢™,n, [6n])]
where a(6) represents the maximum possible code rate of a code
which has relative minimum distance ¢ as its length goes to

infinity. We can thus determine the maximum possible code rate
a(8) of a code.

Proposition 1: For 0 < § < min{1,b~!}, the existence of
MRD codes for all parameter sets implies that a($) = min{1 —
6,1 — bo}.

IV. TECHNICAL RESULTS

To simplify notations, we will occasionally denote the vector
space GF (¢™)™ as F'. We denote the number of vectors of
rank v (0 < uw < min{m,n}) in GF(¢"™)™ as N,(¢™,n).

It can be shown that N, (¢"™,n) = [Z a(m,u) [10], where

a(m, 01 and a(m,u) < ['2) (¢™ — ¢') for u > 1. The
term is often referred to as a Gaussian polynomial [28],

d:doz(n, u)/a(u,u).

defined as [ " }
u

A. Further Properties of Elementary Linear Subspaces

The concept of ELS was introduced in our previous work
[21]. It has similar properties to those of a set of coordinates,
and as such has served as a useful tool in our derivation of prop-
erties of Gabidulin codes (see [21]). Although our results may be
derived without the concept of ELS, we have adopted it in this
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paper because it enables readers to easily relate our approach
and results to their counterparts for Hamming metric codes.

If there exists a basis set B of vectors in GF (¢)™ for a linear
subspace V C GF (¢™)", we say V is an ELS and B is an ele-
mentary basis of V. We denote the set of all ELSs of GF (¢™)"
with dimension v as F,(¢™,n). The properties of an ELS are
summarized as follows [21]. A vector has rank < r if and
only if it belongs to some ELS with dimension 7. For any V' €
E,(q™,n), there exists V € E,,_,(¢™,n) such that V @ V =
GF (¢™)™, where & denotes the direct sum of two subspaces.
For any vector € GF (¢)™, we denote the projection of 2 on
V along V as xy, and we remark that £ = zy + Zy;. Note that

|E.(¢™,n)| = [Z does not depend on m.
Lemma I1: Any vector & € GF (¢™)™ with rank r belongs to
a unique ELS V € E,(¢™,n).

Proof: The existence of V € FE,.(q™,n) has been proved
in [21]. Thus, we only prove the uniqueness of V), with elemen-
tary basis {v;}/Z;, where v; € GF(g)" for all i. Suppose
also belongs to W, where W € E,.(¢"™,n) has an elementary
basis {w]'};;é, where w; € GF (¢)" for all j. Therefore, x =
Z::_(} a;v; = Z;;é bjw]-, where a;, bj € GF (qm) for 0 g
i,7 < r—1.Bydefinition, we have &(z) = &(ag,...,a,—1) =
S(bo, . ..,br_1), therefore b;’s can be expressed as linear com-
binations of a;’s, i.., bj = Y.'—o ¢jia;, where ¢;; € GF(q).
Hence, £ = E:;(} a;u;, where u; = Z;;é cjiw; for 0 <i <
r — 1 form an elementary basis of WW. Considering the matrix
obtained by expanding the coordinates of z with respect to the
basis {ai}?;_ol, we obtain v; = u;, and hence, V = W. O

Lemma 1 shows that an ELS is analogous to a subset of coor-
dinates because a vector £ with Hamming weight r belongs to a
unique subset of 7 coordinates, often referred to as the support
of .

In [21], it was shown that an ELS always has a complemen-
tary ELS. The following lemma enumerates such complemen-
tary ELSs.

Lemma 2: Suppose V € E,(¢™,n) and A C V is an ELS
with dimension a, then there are ¢*(*~*) ELSs B such that A &

B = V. Furthermore, there are ¢*(~®) Z

(A, B).

Proof: First, remark that dim(B) = v—a. The total number
of sets of v — a linearly independent vectors over GF (q) in
V\Ais givenby N = (¢" —¢*)(¢" —¢"*!) -+ (¢" —¢"7") =
¢**=%) a(v—a, v—a). Note that each set of linearly independent
vectors over GF (¢) constitutes an elementary basis set. Thus,
the number of possible B is given by N divided by a(v —a, v —
a), the number of elementary basis sets for each B. Therefore,
once A is fixed, there are ¢*(*~*) choices for B. Because the

such ordered pairs

. . . . v
number of a-dimensional subspaces A in V is ol the total

number of ordered pairs (A, B) is hence ¢*(*=%) Z . O
Puncturing a vector with full Hamming weight results in an-
other vector with full Hamming weight. Lemma 3 below shows

that the situation for vectors with full rank is similar.
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Lemma 3: Suppose V € E,(¢™,n) and w € V has rank v,
then rk(u4) = a and rk(ug) = v — a for any A € E,(¢™,n)
and B € E,_,(¢"™,n) such that A® B = V.

Proof: First,uy € A and hence rk(u4) < a by [21, Prop.
2]; similarly, rk(ug) < v — a. Now suppose rk(u4) < a or
rk(ug) < v —a, then v = rk(u) < rk(ua) + rk(ug) <
a+v—a=no. O

It was shown in [21] that the projection u 4 of a vector 4 on an
ELS A depends on both A and its complement 5. The following
lemma further clarifies the relation: changing B always modifies
u 4, provided that 4 has full rank.

Lemma 4: Suppose V € E,(¢™,n) and 4 € V has rank v.
For any A € E,(¢"™,n) and B € E,_,(¢™,n) such that A &
B =V, define the functions fy(A, B) = u4 and gu(A,B) =
u. Then, both f, and g, are injective.

Proof: Consider another pair (A’, B") with dimensions a
and v — a, respectively. Suppose A" # A, then uq # u4.
Otherwise, u 4 belongs to two distinct ELSs with dimension
a, which contradicts Lemma 1. Hence, w4 # u 4 and ug =
u—uy #u—uy = ug. The argument is similar if B/ #£ B.

O

B. Properties of Balls With Rank Radii

We refer to all vectors in GF (¢™)™ within rank distance r
of z € GF(¢™)" as a ball of rank radius r centered at &, and
denote it as B,.(z). Its volume, which does not depend on z, is
denoted as V,.(¢"™,n) = > _, N,(¢™,n). When there is no
ambiguity about the vector space, we denote V,.(¢™, n) as v(r).

Lemma 5: For 0 < r < min{n,m},¢ ("t <
Vi(q™,m) < K;'q"mtmn), where qu:Ef 52,1 —q7)
[21].

Proof: The upper bound was derived in [21, Lemma 13],
and it suffices to prove the lower bound. Without loss of gener-
ality, we assume that the center of the ball is 0. We now prove the
lower bound by constructing ¢”(™*"~") vectors z € GF (¢™)"
of rank atmostr. Letz € GF (¢™)" be a subspace T of GF (¢™)
such that dim(%) = r and &(z) C . We consider the vectors
y € GF(¢™)" " such that S(y) C Z. There are ¢"" choices
for z and, for a given z, q"("=") choices for y. Thus, the total
number of vectors z = (z,y) € GF (¢™)" is ¢"(™+"~")_ and
because &(z) C T, we have rk(z) < r. O

‘We remark that both bounds in Lemma 5 are tighter than their
respective counterparts in [21, Prop. 1]. More importantly, the
two bounds in Lemma 5 differ only by a factor of K, and thus,
they not only provide a good approximation of V,.(¢",n), but
also accurately describe the asymptotic behavior of V,.(¢™, n).
This will enable us to determine the asymptotic behavior of the
solution to sphere covering problem in Section V-G.

The diameter of a set is defined to be the maximum distance
between any pair of elements in the set [26, p. 172]. For a binary
vector space GF (2)" and a given diameter 21 < n, Kleitman
[29] proved that balls with Hamming radius » maximize the
cardinality of a set with a given diameter. However, when the
underlying field for the vector space is not GF (2), the result is
not necessarily valid [26, p. 40]. We show below that balls with
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rank radii do not maximize the cardinality of a set with a given
diameter.

Proposition 2: For2 < 2r < n < m,any S € Ea.(
has diameter 27 and cardinality |S| > V,.(¢",n).

Proof: Any S € FEs.(¢",n) has diameter 2r and

cardinality ¢*™". For » = 1, we have Vi(¢™,n) =

q",n)

1+ % < ¢*™. For r > 2, we have V,.(¢™,n) <
Kq_lq”("'“”)_?"2 by Lemma 5. Because 72 > 2 > — log, K,
we obtain V,.(¢™,n) < ¢"("+™) < |S|. O

The intersection of balls with Hamming radii has been studied
in [26, ch. 2], and below we investigate the intersection of balls
with rank radii.

Lemma 6: If 0 < r,s < n and ¢;,¢; € GF(¢™)", then

| B-(e1)NBs(e2)| depends on ¢; and ¢, only through dg (€1, €2).
Proof: This follows from the fact that matrices in

GF (g)™*™ together with the rank metric form an association
scheme [2], [30]. (|

Proposition 3: 1f0 < r,s < n, e, ¢2,¢€;, ¢y € GF (¢™)™ and
dr(e1,¢2) > dr(€), ), then |B.(e1) N Bg(ez)| < |Br(€)) N
B(e5)]-

Proof: Tt suffices to prove the claim when dg(e1,¢2) =
dr(c},c5)+1 = e+1. By Lemma 6, we can assume without loss

of generality that ¢; = ¢, = 0,¢5 = (0,¢1,...,¢.,0,...,0)
and ¢ = (cp,¢1,...,Ce,0,...,0), where cq,...,cc €
GF (¢™) are linearly independent.

We will show that an injective mapping ¢ from B,.(e;) N
B;(e2) to B-(¢} )N Bs(cy) can be constructed. We consider vec-
tors z = (20, 21,..-,2n-1) € By(e1) N Bs(e2). We thus have
rk(z) < r and rk(u) < s, where . = (ug,u1,...,Upn—1) =
z—¢ = (20 — 0,21 — C1y...,2n_1). We also define z =
(21,...,2n—1) and @ = (uq,...,un_1). We consider three
cases for the mapping ¢, depending on z and u.

o Case I: tk(z) < s — 1. In this case, qﬁ(z)d:efz. We remark
that tk(z — ¢,) < rk(u) + 1 < s, and hence, ¢(z) €
B.(¢}) N B,(c}).

e Case II: tk(u) = s and rk(2z) <
(f)(Z)d:ef(Zo — C0y21y---52n— 1) We
rk(z) + 1 < 7 and rk(¢(2z) — 62) =
hence, ¢(2) € B,(¢}) N Bs(ch).

* Case IIL: rk(#) = s and rk(Z) = r. Because rk(u) =
we have zp — ¢g € &(a). Similarly, because rk(z)
we have zy € &(2z). Denote dim(&(u, 2)) as d (d
For d > s, let ap,...,aq—1 be a basis of &(u, z) such
that ag,...,as_ 1 € 6(’&) and ag,...,aq 1 € 6(2)
This basis is fixed for all vectors z having the same 2, i.e.,
it is fixed for all values of zg. Note that ¢ € &(u,2),
and may, therefore, be uniquely expressed as ¢y = ¢, +
¢, where ¢, € G(ag,...,a5_1) = G(u) and ¢, €
S(as,...,a4—1) C 6(2).Ifd=s,thenc, =0 € &(2).
In this case, gb(z)déf(zo — C5,21,--.,2n—1). Remark that
zo— ¢, € 6(2), and hence, rk(¢(2)) = r. Also, zg —c, =
20 — ¢o + ¢y € &(u), and hence, rk(d(z) — ¢,) = s.
Therefore, ¢(z) € B,-(c}) N Bs(ch).

It can be easily verified that ¢ is injective, hence |B,.(e1) N

Bi(e2)] < |Br(€)) N Ba(ey)]. 0

r — 1. In this case,

have rk(¢(z)) <
rk(z — e2) < s, and
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Corollary 1: Tf0 < r,s < n,e1,¢€2,¢;,¢, € GF(¢™)™ and
dr(e1,e2) > dr(€), ), then |B,.(e1) U Bs(e2)| > |B,.(€)) U
Bs(e)].

Proof: The result follows from | B,.(e1)UBs(e2)| = v(r)+
v(s) — | Br(e1) N Bs(ez)|. O

We now quantify the volume of the intersection of two balls
with rank radii for some special cases, which will be used in
Section V-B.

Proposition 4: 1f ¢;,e2 € GF(¢™)"™ and dgr(ci,¢2) = 7,
then |BT(61) ﬁB1(62)| =1 + (qm — qr) ; + (q” _ 1) ,rll’

Proof: By Lemma 6, we assume without loss of generality
that ¢; = 0 and rk(e;) = r. By Lemma 1, the vector ¢; belongs
to a unique ELS V € E,.(¢™,n). First, it is easy to check that
y = 0 € B,(e1) N B1(0). We now consider a nonzero vector
y € B;(0) with rank 1. We have dr(y,¢1) = r + 1 if and

only ify ¢ V and S(y ) C &(ey). There are (qqq)w
such vectors. Thus, |B c) N Bl( ) = 14 Ni(¢"™,n) —
(¢"=g")(@™=q") _ —
1 =14+ [ (¢"—1) [1} d
Proposition 5: If €¢1,e2 € GF(¢™)" and dr(e1,¢2) = 7,

then | Bs(e1) N Br_s(e2)| = ¢ | " | for0 < s < 7.

Proof: By Lemma 6, we can assume that ¢; = 0, and
hence, rk(ez) = r. By Lemma 1, ¢ belongs to a unique ELS
V € E.(¢™,n). We first prove that all vectors y € B;(0) N
B,_s(cz)arein V. Lety = yy,+¥yy, where W € E,_,.(¢™, n)
such that V @ W = GF (¢™)". We have ¥y, + (¢2 — y)y =
co, with rk(yy) < rk(y) < s and rk((e2 — y)y) < rk(ex —
y) < r — s. Therefore, rk(y,,) = rk(y) = s,rk((e2 —y)y) =
tk(es —y) = v — s and S(y) N S((ez — y)y) = {0},
Because rk(y,,) = rk(y), we have &(y,,,) C S(yy); and
similarly, §((e2—y)w) C &((c2—¥y)v). Altogether, we obtain
&) NS ((e2—y)w) = {0} However, gy + (2 —y)w = 0,
and hence, y,,, = (e2 — y)y = 0. Therefore, y € V.

We now prove that ¥ is necessarily the projection of ¢, onto
some ELS Aof V. Ify € Vsatisfiestk(y) = sandrk(ea—y) =
r — s, then y belongs to some ELS A and ¢; — y € B such that
A®B=V.Wehence havey = ¢z 4 and c2 — y = ¢2 .

On the other hand, for any A € FE;(¢™,n) and
B € E._s(¢"™,n) such that A & B = V,cs 4 is a vector
of rank s with distance  — s from ¢ by Lemma 3. By Lemma
4, all the ¢y 4 vectors are distinct. There are thus as many
vectors y as ordered pairs (A, B). By Lemma 2, there are

s(r—s) vectors y. [

q such pairs, and hence, qs(’“’s)

The problem of the intersection of three balls with rank radii
is more complicated because the volume of the intersection of
three balls with rank radii is not completely determined by the
pairwise distances between the centers. We give a simple ex-
ample to illustrate this point: consider GF (2?)3 and the vec-
tors ¢; = ¢ = (0,0,0),¢e2 = ¢, = (1,,0),¢e3 = (a,0,1),
and ¢ = (o, + 1,0), where « is a primitive element of
the field. It can be verified that dr(ei,c2) = dr(ez,€3) =
dr(es,e1) = 2 and dr(€), ¢y) = dr(ch, cy) = dr(cs, ¢)) = 2.
However, Bi(e1)NBi(e2)NBi(es) = {(a+1,0,0)}, whereas
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Bi(e))NBi(ey) N Bi(e) = {(1,0,0),(0,a+1,0), (e, a, 0)}.
We remark that this is similar to the problem of the intersection
of three balls with Hamming radii discussed in [26, p. 58], pro-

vided that the underlying field is not GF (2).

V. COVERING PROPERTIES OF RANK METRIC CODES

A. The Sphere Covering Problem

We denote the minimum cardinality of a code of length
n and rank covering radius p as Kgr(q™,n,p). We remark
that if C' is a code over GF (¢™) with length n and covering
radius p, then its transpose code CT is a code over GF (¢")
with length m and the same covering radius. Therefore,
Kr(q™,n,p) = Kr(q™, m,p), and without loss of generality,
we will assume n < m henceforth in this section. Also note
that K (¢™,n,0) = ¢™" and Kgr(¢™,n,n) = 1 for all m and
n. Hence, we assume 0 < p < n throughout this section. Two
bounds on KR (¢™,n, p) can be easily derived.
< KR(qm7 n, p) S

n

s
v(p)

Proposition 6: For0 < p < n < m,
gm (=),

Proof: The lower bound is a straightforward general-
ization of the bound given in [13]. Note that only the codes
with cardinality ZL are perfect codes. However, there are no
nontrivial perfect S&des for the rank metric [11]. Therefore,
Kgr(q™,n,p) > 3(p)-

Let C be an (n, k) linear code over GF (¢™) and without
loss of generality assume (I | R) is its generator matrix. For
any £ = (zo,21,...,2n—1) € GF(¢™)", there exists ¢ =
(0,1, Tk—1,Cky---,Cn—1) € C such that k(e — ) <
n — k, and hence, the covering radius p of C satisfies p < n—k.
That is, |C| < ¢™("~?). By definition, Kr(q™,n,p) < |C|,
which leads to the upper bound. O

We refer to the lower bound in Proposition 6 as the sphere
covering bound.

For a code over GF (¢™) with length n and covering radius
0 < p < n, we have Kg(¢™,n,p) < Ku(¢™,n,p), where
Ky (q™,n, p) is the minimum cardinality of a (linear or non-
linear) code over GF (¢™) with length n and Hamming covering
radius p. This holds because any code with Hamming covering
radius p has rank covering radius < p. Because Ky (¢™,n, p) <
¢"™("—) [26], this provides a tighter bound than the one given
in Proposition 6.

Proposition 7: For0 < p <n < m, Kr(¢™,n,p) > 3.

Proof: Suppose there exists a code C' of cardinality 2 and
length n over GF (¢™) with covering radius p < n. Without
loss of generality, we assume C = {0, c}. Because |B,(0) U
B,(c)| is a nondecreasing function of rk(e) by Corollary 1, we
assume rk(e¢) = n. The code G = (¢) is hence an (n,1,n)
linear MRD code over GF (¢™). Therefore, any codeword in
G\C is at distance n from C. Thus, p = n, which contradicts
our assumption. O

Lemma 7: Kr(¢™,n + n',p + p') < Kgr(q™,n,p)
Kg(q™,n',p’) for all m > 0 and nonnegative
n,n’,p, and p’. In particular, Kr(¢™,n + 1,p + 1)
< Kr(q™,n,p) and Kr(¢™,n +1,p) < ¢"Kr(q™, n, p).
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Proof: For all £,y € GF(¢™)" and 2,y € GF (¢")",
we have dg ((z,2'), (¥,¥')) < dr(z,y) +dr(y,y’). Therefore,
forany C' € GF (¢"™)", C" € GF (¢"™)™ , we have p(C ® (") <
p(C)+p(C") and the first claim follows. In particular, (n’, p’) =
(1,1) and (n', p") = (1,0) yield the other two claims, respec-
tively. O

B. Lower Bounds for the Sphere Covering Problem

We now derive two nontrivial lower bounds on K (¢™, n, p).
For 0 < d < n, we denote the volume of the intersection of two
balls in GF (¢™)™ with rank radii p and a distance d between
their respective centers d as I(¢™,n, p,d). When there is no
ambiguity about the vector space considered, we simply denote
itas I(p,d). I(p,d) is well defined by Lemma 6, and obviously
I(p,d) = 0 when d > 2p.

Proposition 8: For 0 < p < n < mand 0 < [ <
|_10gqm KR(qm7n7p)J’

KR(qm7n7p) 2

mn __ lmI .n—l
o) —Tm—p |7 o=

l

LD

a=max{1l,n—2p+1}

(g™ —q D™ I(p,n—a+1)|. (1)

Proof: Let us denote |log . Kr(q™,n,p)] as A for
convenience. Let C = {¢;}7£;! be a code of length n and
covering radius p over GF (¢™). We give below an upper bound

on the number of vectors covered by C. Define deéf{ci}fzo
for 0 < 5 < K — 1, where the codewords are labeled
such that dgr(e;,Cj_1) is nonincreasing for j > 0. For
1<a<Xand g™ D < j < g™ we have dr(c;,Cj_1) =
minlgigj{dR(ci,Ci_l)} = dR(CJ) < n —a+ 1 by the
Singleton bound. The codeword e¢; hence covers at most
v(p) — I(p,n — a + 1) vectors that are not previously covered
by C;_1. However, by definition, the number of vectors covered
by Cis ¢"". For 1 < [ < ), the number of vectors covered by
C thus satisfies

l
g™ <o(p)+ Y (¢ — ¢ V™) w(p) — I(p,n —a+1)]
a=1

+ (K = q"™)(p) = 1(p,n = ). @
Because I(p,n —a+ 1) = 0 for a < n — 2p, (2) reduces to
). O

Note that the right-hand side (RHS) of (1) is a non-
decreasing function of [, thus the bound is tightest when
I = |log,m Kr(q™,n,p)]. Although Kr(q™,n,p) is un-
known in general, this bound can be used iteratively: we start
with any lower bound on Kr(¢™,n, p), and using the largest [,
the RHS of (1) results in a new lower bound on Kgr(q™,n, p);
we repeat this until (1) does not offer any improvement on the
value of |log . Kr(q™,n,p)]. The initial condition could be
either any other lower bound on K (q™,n, p), or [ = 0 (which
actually is a refinement of the lower bound in Proposition 6).

Corollary 2: For0 < p < n < m,

qgm" = I1(p,n)
v(p) = I(p,n)

Proof: This is a special case of Proposition 8 for [ = 0. [J

KR(qm/7 n, ,0) Z
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Corollary 3: Forall m,n,and 0 < p < [n/2]

gmn — gm(n—2e)+p* {2/’}

p
v(p) — {Zﬂ

KR(qm7n7 p) Z

Proof: Because the balls of rank radius p around the
codewords of an (n,n — 2p,2p + 1) MRD code do not
intersect, ¢™" > V,(¢™ n)q™(™=2°) By the sphere cov-
ering bound, we obtain Kgr(¢™,n,p) > ¢™™ 2% and
hence, log, Kr(q™,n,p) > n — 2p. Use Proposition 8 for
l=n—-2p>0,and

1(p,2p) = ¢"" [QPP]

by Proposition 5. O

The bound in Corollary 3 can be viewed as the counterpart in
the rank metric of the bound in [31, Theorem 1].

Van Wee [32], [33] derived several bounds on codes with
Hamming covering radii based on the excess of a code,
which is determined by the number of codewords covering
the same vectors. Although the concepts in [32] and [33]
were developed for the Hamming metric, they are in fact
independent of the underlying metric and we adapt them to
the rank metric. For all V' C GF (¢™)" and a code C with
covering radius p, the excess on V by C is defined to be

Ec(V)¥ S e |By(e) N V| = |V]. If {W;} is a family of

disjoint subsets of GF (¢™)", then Ec(|J, W;) =
We define Z<'{z € GF(¢™)"|Ec({z}) > 0}, ie., Z is the
set of vectors covered by at least two codewords in C'. Note
that z € Z if and only if | B,(z) N C| > 2. It can be shown that
%] < Ec(Z) = E¢(GF (q™)") = |C[V,(¢™.n) - ¢""
Before deriving the second nontrivial lower bound, we need
the following adaptation of [33, Lemma 8]. Let C' be a code with
length n and rank covering radius p over GF (¢"™). We define

AYz € GF (¢™)"|dr(z,C) = p}.

Lemma 8: Forxz € A\Z and 0 < p < m, we have that
Ec(Bi(z)) > €, where

Proof: Because x ¢ 7, there is a unique ¢y € C such that
dr(z,co) = p. By Proposition 5, we have | B,(co) N B (z)| =

tm-et) 7]+
isfying dr(z, ¢1) = p+ L, by Proposition 5, we have | B,,(¢1) N

Tll .Forany codeword ¢; € C sat-

Bi(z)| = ¢° {p —; 1} . Finally, for all other codewords ¢, € C
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at distance >p—l— 1 from z, we have |B,(¢e2) N By(z)| = 0. De-

notlngN |{61 € C|dr(z,e1) = p + 1}|, we obtain
Ec(Bi())
=Y IBy(e) N Bi(z)| - |Bi(z)]
ceC

=(¢" —q") {ﬂ + Ng¢’ {pJ{l] - [ﬂ (@™ —q")

-o]-[) = (1)

The proof is completed by realizing that

- (1))«

while E«(B1()) is a nonnegative integer. O

For p = n — 1, Lemma 8 is improved to the following.

Corollary4: Forx € A\Z and p =n — 1, Ec(B1(2)) = ¢,

where
dﬁf n—1|T _ . n—1 m n—1
p=q [I]ICI q (q +[ 1 D

Proof: The proof calls the same arguments as the proof

above, with N = |C| —1forp=n — 1. O
Proposition 9: If ¢ > 0, then Kgr(¢™,n,p) >
mn dif 1 p
m,where(S—v(l)—qp |:1:|—1+2€

The Proof of  Proposition 9, provided in
part A of the Appendix, uses the approach in the
proof of [33, Theorem 6] and is based on the concept of excess.
The lower bounds in Propositions 8 and 9, when applicable, are
at least as tight as the sphere covering bound. For p = n — 1,
Proposition 9 is refined into the following.

Corollary 5: Let us denote the coefficients

n—1|T n—1 m n—1
et 1] e e (e [10)
as « and [, respectively. Kgr(q"™,n,n — 1) satisfies

aKr(q™,n,n —1)2 = bKgr(q¢™,n,n — 1) + ¢ > 0, where

def

a=afv(n —1) +o(n - 2)]

b (n — 1) {q"—2 ["I 1] —o(1) + B+ 1}

+2aq™" + fo(n — 2)
and

e gmn {2[3+1+ -2 [”Il] —v(l)}.

The Proof of Corollary 5 is given in part B of the Appendix.

C. Upper Bounds for the Sphere Covering Problem

From the perspective of covering, the following lemma gives
a characterization of MRD codes in terms of ELSs.
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Lemma 9: Let C be an (n, k) linear code over GF (¢™) (n <
m). C is an MRD code if and only if C &V = GF (¢™)" for all
Ve E,_r(g™,n).

Proof: Suppose C is an (n, k,n — k+ 1) linear MRD code.
It is clear that C NV = {0}, and hence, C & V = GF (¢™)™ for
allV € E,_r(¢™,n). Conversely, suppose C &V = GF (¢"™)"
forall V € E,_;(¢™,n). Then, C does not contain any nonzero
codeword of weight < n — k, and hence, its minimum distance
isnm—Fk+ 1. O

Forl <u <p,letag =1,a1,...,Qn4u_1 € GF(¢™H")
be a basis set of GF(¢™**) over GF(q), and let By =
1,01, ..,Bm—1 be abasis of GF (¢™) over GF (¢). We define
the linear mapping f between two vector spaces GF (¢™)
and GmdgG(ao,al,...7am_1) given by f(8;) = «; for
0 < i < m— 1. We remark that o9 = [y = 1 implies
that f maps GF(gq) to itself. This can be generalized to
n-dimensional vectors, by applying f componentwise. We
thus define f : GF(¢™)" — GF(¢™**)" such that for any
v = (vo,---,Vn-1), f(®) = (f(v0),-.., f(vn-1)). Note that
f depends on w, but we omit this dependence for simplicity of
notation. This function f is a linear bijection from GF (¢™)"
to its image &7, and hence, f preserves the rank. f also

m?

introduces a connection between ELSs as shown below.

Lemma 10: Foru > 1,7 < n,and any V € FE.(¢™,n),
f(V) c W, where W € E,.(¢™+%, n). Furthermore, f induces
a bijection between FE,.(¢™,n) and E,(¢™1%, n).

Proof: Let B = {b;} be an elementary basis of V €
E.(¢™,n). Then, b; € GF(q)" and b; = f(b;). Thus, {f(b;)}
form an elementary basis, and hence, f(V) C W, where W €
E,(¢™*",n) with { f(b;)} as a basis. It is easy to verify that f
induces a bijection between E,.(¢™,n) and E,.(¢™"%,n). O

Proposition 10: Let C be an (n,n — p,p + 1) MRD code
over GF(¢™) (n < m) with covering radius p. For 0 < u <
p, the code f(C), where f is as defined above, is a code of
length n over GF (g™ 1) with cardinality ¢"("~#) and covering
radius p.

Proof: The other parameters for the code are obvious, and
it suffices to establish the covering radius. Let ¥, be a sub-
space of GF (¢ 1) with dimension u such that G,, ® T, =
GF (¢™*"). Any u € GF(¢™*")" can be expressed as u =
v+w, wherev € G andw € T. Hence, rk(w) < u,andw €
W for some W € E,(¢™"“,n) by Lemma 1. By Lemmas 9
and 10, we can express v as v = f(c +e) = f(e) + f(e),
where ¢ € C and e € V, such that (V) C W. Eventually, we
have u = f(e) + f(e) + w, where f(e) + w € W, and thus,
d(u, f(€)) < p. Thus, f(C) has covering radius < p. Finally, it
is easy to verify that the covering radius of f(C) is exactly p.

O

Corollary 6: For 0 < p < n < m,Kgr(¢™,n,p) <
gmax{m—pn}(n—p)

Proof: We can construct an (n,n — p) linear MRD
code C over GF(¢*) with covering radius p, where
1 = max{m — p,n}. By Proposition 10, f(C) C GF(¢™)",
where f is a rank-preserving mapping from GF (¢*)™ to a
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subset of GF (¢™)" similar to f above, has covering radius
< p. Thus, Kn(q™,n.p) < [FO)] = C =00, O

We use the properties of Kg(¢™,n, p) in Lemma 7 to obtain
a tighter upper bound when p > m — n.

Proposition 11: Given fixed m,n, and p, forany 0 < ! < n
and (n;, p;) for0 < i <l—1sothat0 < n; <n,0 < p; <n,
and n; + p; < m for all 4, and Zi;(l] n; = n and Zi;(l] pi = p,
we have

m : m(n—p)=) . pi(ni—p:)
Kr(q™,n,p) S{(n“pl)r:rlolgig_l}{q 2. }
3)
Proof: By Lemma 7, we have Kgr(¢™,n,p) <
[L; Kr(g™,ni, p;) for all possible sequences {p;} and {n;}.
For all i, we have Kg(q™,n;,p;) < ¢(m—r)(=ri) by Corol-
lary 6, and hence, Kgr(¢™,n,p) < ¢ {m=p)(ri=ps) -

qm(nfp)*z:1 pi(ni—pi) O

It is clear that the upper bound in (3) is tighter than the upper
bound in Proposition 6. It can also be shown that it is tighter
than the bound in Corollary 6.

The following upper bound is an
[26, Theorem 12.1.2].

adaptation of

Proposition 12: For0 < p <n <m
1

< + 1.
1 = loggmn (g™ = v(p))

KR(qm*, n, p)

Our proof, given in part C of the Appendix, adopts the ap-
proach used to prove [26, Theorem 12.1.2]. Refining [26, The-
orem 12.2.1] for the rank metric, we obtain the following upper
bound.

Proposition 13: For0 < p < n < m and o min{n, 2p},

1 1 mn
)i

KR(qm7n7p) < kv(p) (

min{s,j} ~ o(p) ) w(p) Y
“
where ky () = ¢"" —v(p)g" "=V, j = [v(p) —v(p)*q~"].

i(a—1) a:| and de:Of 25:1 % is the kth

_ P
i=a—p q

s = v(p)
harmonic number.

Proof: We denote the vectors of GF (¢")" as v; for i =
0,1,...,¢™" — 1 and we consider a ¢"" x ¢™"™ square matrix
A defined as a; ; = 1if dg(v;,v;) < p and a; ; = 0 otherwise.
Note that each row and each column of A has exactly v(p) ones.
We present an algorithm that selects K columns of A with no
all-zero rows. These columns thus represent a code with cardi-
nality K and covering radius p.

Set A,y = A and ky(py41 = ¢™". Fori = v(p),v(p) —
1,...,1, repeat the following step. First, select from A; a max-
imal set of K; columns of weight ¢ with pairwise disjoint sup-
ports. Then, remove these columns and all the 1 K; = k; 1 — k;
rows incident to one of them, and denote the remaining k; X
(¢™" — Ky(p) — - — K;) matrix as A; ;. The set of all K =
Ky (p) + -+ - + K selected columns hence contains no all-zero
rows and forms a covering code.

)
(2
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For 2p < n, we can select an (n,n — 2p,2p+ 1) linear MRD
code C for the first step. Because an MRD code is maximal,
its codewords correspond to a maximal set of columns with
disjoint supports. If 2p > n,C is chosen to be a single code-
word, and K,y = 1. Thus, K,,) = ¢™("=%) and kupy =
"™ — v(p)g™"=*), where a = min{n, 2p}.

We now establish two upper bounds on k; for 1 < i < v(p).
First, it is obvious that k; < kv( p)- Also, every row of A;_; con-
tains exactly v(p) ones; on the other hand, every column of A; 4

contains at most ¢ — 1 ones. Hence, for 1 < i < v(p), v(p)k; <
(i = 1)(g™" = Kypy —--- — Ki) < (i = 1)¢™", and thus
ki <(i—1 . )
D)
Clearly, k; = 0 by (5). We have k,,) < (i — 1)% ifi—1>

.def [ v
=

We now establish an upper bound on K = Zv(p 'K ;. For any
vector £ € GF (¢™)"™, we have dgr(z,C) < 2p. This is trivial
for 2p > n, while for 2p < n, this is because MRD codes are
2p
p

(P)kv<p>-|.

mn
q

maximal codes. For 2p < n, at least ¢”° vectors in B, (x)

are already covered by C by Proposition 5. For 2p > n, it can
i(n—1i)

be shown that at least 3°7_, ¢ vectors in B,(x)

are already covered by C. It follows that after the first stT, the

fa pqz(aii) 1. Be-

cause s > max{1l gki < w(p) : Ki > 0}, K = Ky +

Yo Ki =Ky + =22 4+377 ., L(szm Using the two upper
. i X 1 _ 1

bf,)},:nds on k; above, we obtain K < kv(p) (min{s,j} v(p)) +

O

S def
column weight is at most s = v(p) —

v(p) T min{s,j}-

Because [26, Theorem 12.1.2] is referred to as the
Johnson—Stein—-Lovédsz theorem, we refer to the algo-
rithm described in the proof of Proposition 13 as the
Johnson—Stein—-Lovédsz (JSL) algorithm. The upper bound
in Proposition 13 can be loosened into the following.

Corollary 7: For 0 < p < n < m,Kg(

mn )
Z(p) (ln’U(p) +7+ m),
Euler—Mascheroni constant [34].

Proof: Usmg (5) we obtain K = S0 huiks < g

= v(p)
s i(i’“_'l) <4 W H,(,). The proof is concluded by Hy(p) <

nw(p) + 7 + 5057173 341 O

q",n,p) <

the

where y is

mn

D. Covering Properties of Linear Rank Metric Codes

Proposition 6 yields bounds on the dimension of a linear code
with a given rank covering radius.

Proposition 14: An (n, k) linear code over GF (¢") with
p(n—p)—logq Kq <k<

m

rank covering radius p satisfies n — p —
n — p.

Proof: The upper bound was proved as part of the proof
of Proposition 6. We now prove the lower bound. By the sphere
covering bound, we have ¢™* > f}(p) However, by Lemma

5, we have v(p) < gP(mtn—r)=1og, Ko and hence, ¢™F >
qmn—p(m,+n,—p)+logq K, ) n
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We do not adapt the bounds in Propositions 8 and 9 as their
advantage over the lower bound in Proposition 14 is not signif-
icant. Next, we show that the dimension of a linear code with a
given rank covering radius can be determined under some con-
ditions.

Proposition 15: Let C be an (n,k) linear code over
GF (¢"™)(n < m) with rank covering radius p. Then, k = n —p
if p € {0,1,n — 1,n} or p(n — p) < m + log, Ky, orif C is
a generalized Gabidulin code or an ELS.

Proof: The cases p € {0,n — 1,n} are straightforward.

In all other cases, because k& < m — p by Proposition 14, it
suffices to prove that k > n — p. First, suppose p = 1, then k
satisfies ¢"™* > Ui ) by the sphere covering bound. However,
v(l) < ¢t < qg and hence, k£ > n — 2. Second, if p(n —
p) <m+log, K, then 0< L(p(n—p) - log, K;) < 1and
k > n — p by Proposition 14. Third, if C is an (n, k,n — k 4+ 1)
generalized Gabidulin code with £ < n, then there exists an
(n, k+1,n—k) generalized Gabidulin code C’ such thatC C C’.
We have p > dr(C’) = n — k, as noted in Section II-B, and
hence, k > n — p. The case k = n is straightforward. Finally, if
C is an ELS of dimension k, then for all £ with rank n and for
any ¢ € C,dg(z,c) > rk(z) — rk(e) > n — k. O

A similar argument can be used to bound the covering radius
of the Cartesian products of generalized Gabidulin codes.

Corollary 8: Let G be an (n, k,dgr) generalized Gabidulin
code (n < m), and let G! be the code obtained by I Cartesian
products of G for [ > 1. Then, the rank covering radius of G
satisfies p(G') > dr — 1.

Note that when n = m, G ! is a maximal code, and hence,
Corollary 8 can be further strengthened.

Corollary 9: Let G be an (m, k,dr) generalized Gabidulin
code over GF (g™), and let G' be the code obtained by / Carte-
sian products of G. Then, p(G') = dr — 1.

E. Numerical Methods

In addition to the above bounds, we use several different nu-
merical methods to obtain tighter upper bounds for relatively
small values of m, n, and p. First, the JSL algorithm described in
the proof of Proposition 13 is implemented for small parameter
values. Second, local search algorithms [26] similar to the ones
available for Hamming metric codes are somewhat less complex
than the JSL algorithm. Although the complexity for large pa-
rameter values is prohibitive, it is feasible. Third, we construct
linear codes with good covering properties, because linear codes
have lower complexity.

We can finally verify if a covering radius is achievable by a
given code size by brute force verification, thereby establishing
lower bounds on Kg(q™,n, p). Obviously, this is practical for
only small parameter values.

FE. Tables

In Table I, we provide bounds on Kg(2™,n, p),for2 < m <
7,2 <n <m,and 1 < p < 6. Obviously, Kr(¢™,n,p) = 1
when p = n. For other sets of parameters, the tightest lower
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TABLE I
BOUNDS ON Kr(2™,n,p),FOR2 < m < 7,2<n<m,AND1 < p <6
m | n p=1 p=2 p=3 p=4 p=>5 p==©6
2 |2 e3F 1
312 e4B 1
3 e l1-16 F g4 C 1
412 e7-8 B 1
3 e 40-64 B d4-7F 1
4 f 293-722 F e 10-48 G b3-7F 1
5 2 e 12-16 B 1
3 e 154-256 B d6-8B 1
4 e 2267-4096 B e 33-256 C d4-8C 1
5 e 34894-217 C e 233-2881 E a9-32 H b 3-8 C 1
6 |2 e2332B I
3 e 601-1024 B d11-16 B 1
4 e 17822-215 B c 124-256 B d 6-16 C 1
5 e 550395-220 B e 1770-214 C f31-256 C a3-16 C 1
6 f 17318410-226 C f 27065-413582 E f214-4211 E £9-181 D b3-16 C 1
7 ]2 e 44-64 B I
3 e 2372-4096 B d 20-32 B 1
4 e 141231218 B f 484-1024 B a9-16 B 1
5 e 8735289-22¢ B e 13835215 B a 111-1024 C a5-16 C 1
6 | e 549829402-230 B f 42229-222 C e 1584-215 C f29-734E  a3-16C 1
7 | e34901004402-237 C  f 13205450-239280759 E e 23978-586397 E  £203-5806 E a8242D b3-16C
and upper bounds on Kg(¢™,n, p) are given, and letters asso- TABLE II
ciated with the numbers are used to indicate the tightest bound. BOUNDSON Ak FORqg=2,4<m <8,4<n<m,AND2<p <6
The lower case letters “a”—*“f” correspond to the lower bounds m | n| p=2 p=3 p=4 =5 =6
in Propositions 6-8, Corollaries 2 and 3, and Proposition 9, 4 | 4] h2A 1 0
respectively. The lower case letter “g” corresponds to lower S|4 e2A I 0
. . . 5 a23A alH 1 0
bounds obtained by brute force verification. The upper case let- 6 T2 o) I 0
ters “A”—“E” denote the upper bounds in Proposition 6, Corol- 5|a23A al2A 1
lary 6, and Propositions 11-13, respectively. The upper case let- - 2 a 3'24 A a 2'13 A a 162 A 1 0
ters F —“H” correspond to upper bounds c?b.tau.led by the JSL 5| a23A al2A 1 0
algorithm, local search algorithm, and explicit linear construc- 6 | a34A a23A al2A 1 0
tions, respectively. 7| a45A a34A a23A al2A 1
In Table II, we provide bounds on the minimum dimension 8 § % ; ? 0
kforg=24<m<84<n<m,and2 < p < 6.The 6| a34A a23A al2A 1 0
unmarked entries correspond to Proposition 15. The lower case 7| a45A a34A a23A al2A 1
8 |a56A a35A a24A al3A al2A

letters “a” and ““e” correspond to the lower bound in Proposition
14 and the adaptation of Corollary 3 to linear codes, respec-
tively. The lower case letter “h” corresponds to lower bounds
obtained by brute force verification for linear codes. The upper
case letter “A” corresponds to the upper bound in Proposition
14. The upper case letter “H” corresponds to upper bounds ob-
tained by explicit linear constructions.

Although no analytical expression for I(p, d) is known to us,
it can be obtained by simple counting for the bounds in Propo-
sition 8 or Corollary 3. In part D of the Appendix, we present
the values of 7(¢™, n, p, d) used in calculating the values of the
bounds in Proposition 8 and Corollary 2 displayed in Table I.
We also present the codes, obtained by the numerical methods
in Section V-E, that achieve the tightest upper bounds in Tables I
and IL.

G. Asymptotic Covering Properties

Table I provides solutions to the sphere covering problem for
only small values of m,n, and p. Next, we study the asymp-
totic covering properties when both block length and minimum
rank distance go to infinity. As in Section III, we consider the
case where lim, .o ;- = b, where b is a constant. In other
words, these asymptotic covering properties provide insights

on the covering properties of long rank metric codes over large
fields.

The asymptotic form of the bounds in Lemma 5 is given in
the lemma below.

Lemma 11: For 0 < 6 <

lim, oo [logmn Visn)(¢™,n)] = 6(1 + b — bo).
Proof: By Lemma 5, we have ¢%r(m+7=dr) < y(dg) <

K, Lgtr(m+n=dr) Taking the logarithm, this becomes §(1 +

b—b6) < log,mn v([6n)) < 6(1+b—b8) — 5X2 The proof

mn

min{1,b71},

is concluded by taking the limit when n tends to infinity. O
Define Td§f§ and  k(r) = lim,, o
inf{log,m» Kr(¢™,n,p)]. The bounds in  Proposi-

tion 6 and Corollary 7 together solve the asymptotic sphere
covering problem.

Theorem I: For all b and r, k(r) = (1 — r)(1 = br).
Proof: By Lemma 11, the sphere covering bound
asymptotically becomes k(r) > (1 — r)(1 — br). Also,
by Corollary 7, Kgr(¢™,n,p) %[1 + Inwv(p)]

mn

Z<p) [1 + mnlng], and hence, log .. Kr(¢™,n,p)

[VANVAN
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m n

logmn Ty 4+ O((mn)~ nmn). By Lemma 11, this asymp-
totically becomes k(r) < (1 — r)(1 — br). Note that although
we assume n < m above for convenience, both bounds in

Proposition 6 and Corollary 7 hold for any values of m and n.
O

APPENDIX

A. Proof of Proposition 9

We first establish a key lemma.
Lemma 12: f z € Z and 0 < p < n, then |[A N By1(2)| <
v(l) — ¢*7t f .
Proof: By definition of p, there exists ¢ € C such that
dr(2,¢) < p. By Proposition 3, |B1(z) N B,_1(c)| gets its
minimal value for dg(z,¢) = p, which is ¢#~* lf by Propo-

sition 5. A vector at distance < p — 1 from any codeword does
not belong to A. Therefore, B1(2) N B,_1(c) C B1(z)\A4, and
hence, |AN B1(z)| = |B1(2)| — |B1(2)\A4| < v(1) — |B1(2)N
B, 1(0). =

We now give a Proof of Proposition 9.
Proof: For a code C' with covering radius p and € > 1

def mn mn
v=elg"" = |Clv(p = 1)] = (e = DIIClv(p) — a™"] (6)
<eldl - (e—1)|Z]
<elAl—(e—1]ANZ|=¢|lA\Z|+ |AN Z] 7
where (7) follows from |Z| < |Clv(p) — ¢™", given in
Section V-B
v < Z EC B1 Z EC Bl
acA\Z acANZ
acA

where (8) follows from Lemma 8 and [AN Z| < Ec(AN Z).

v < Z Z Ec({=z})
acAzeEB;(a)NZ
= Z Z Ec({z})
T€Z a€B,(z)NA
= Z |A N Bi(z)|Ec({z}) ©))

where (9) follows the fact that the second summation is over
disjoint sets {}. By Lemma 12, we obtain

v< 3 (s - [§]) pettan

TEZ

- (s - [4]) e
= (s = [5]) tento) -

Combining (10) and (6), we obtain the bound in Proposition 9.
O

(10)
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B. Proof of Corollary 5

For p = n — 1, (10) becomes ¢[¢"" — |Clv(n — 2)] — (¢ —
n—1

Dlictn-1-g1< (o0 -2 " ] ) (o -

1) — ¢™™). Substituting ¢ = «|C| — ( and rearranging, we

obtain the quadratic inequality in Corollary 5.

C. Proof of Proposition 12

Given a radius p and a code C, denote the set of vectors in
GF (¢™)™ at distance >p from C as P,(C'). To simplify nota-
tions, Qdéfq ™ and 10,)(6’)dEf ~1|P,(C)|. Let us denote the set
of all codes over GF (¢™) of length n and cardinality K as Sk.
Clearly, |Sk| = (). The average value of p,(C) for all codes
C € Sk is given by

LS o) =

|Sk|

1Z|P

CeSk CeSk
—1
1
|sK| DI
Kk TEF|dr (z,C)>p
-1
1
|SK| > 2

zeF CGSK|dR(z C)>p

"¢ 2 (4%")

/@)

Equation (11) comes from the fact that there are (Q_I?(p )) codes
with cardinality K that do not cover &. For all K, there exists a
code C" € Sk for which p,(C’) is no more than the average,
that is

ni@) < (2)(258) s -t

_ 1
Let us choose K = L—WJ + 1 so that
Klogo(l — Q 'v(p)) < -1, and hence, p,(C") =
(1 — Q w(p)® < QL It follows that |P,(C")] < 1,
and C” has covering radius at most p.

(11)

D. Numerical Results

The values of I(¢™,n, p,d), used in calculating the bounds
in Proposition 8 or Corollary 2, obtained by counting are
1(24,3,2,3) = 560, 1(2°,3,2,3) = 1232, 1(2°,4,3,4) =
31040, 1(26,3,2,3) = 2576, I(2°,4,2,3) = 2912,
1(25,4,3,4) = 756800, and 1(27,3,2,3) = 5264.

We now present the codes, obtained by computer search, that
achieve the tightest upper bounds in Tables I and II. The fi-
nite fields use the default generator polynomials from MATLAB
[35]. First, the linear code used to show that Ky (2°,5,3) < 32
has a generator matrix given by G = (1, «, a?,0,0), where «
is a primitive element of GF (2°). We use the skip-vector form
[36] to represent the other codes obtained by computer search.
The skip-vector form of a code C' = {¢;}/* ;" over GF (¢™)"
can be obtained as follows. First, each codeword ¢; € GF (¢™)"
is represented by an integer x; in [0, ¢™" — 1] according to the
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lexicographical order. Second, the integers x; are sorted in as-
cending order; the resulting integers are denoted as . Third,
calculate y; defined as yo = «f, and y; = =z} — 2} _; — 1 for
1< < K — 1. Fourth,ify; = y;4+1 = ... = Yi+r—1, then we
write yF.

Below are the codes obtained by the JSL algorithm:

Kr(2%,2,1)=3 03

KR(2331) <16 52566215192058521225499845
Kg(2%,3,2) <7 135689 34 420 477 522 759

KR(2441) < 722.

For brevity, the details of this code are omitted.!
Below is the code obtained by a local search algorithm:
Kgr(2*%?) <48 1493 1124 265 285 1030 2524 1366 493
6079 968 2145 848 312 473 1307 712 1088 2274 1380
1114 1028 567 422 1462 699 203 180 4669 146 978 3933 1810
2083 345 354 659 1054 2314 1443 2660 2675 1512 756 1229 95
2144 1624 1148
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