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Abstract

This dissertation is devoted to the study of algebraic codes proposed for error control
in random linear network coding, namely rank metric codes, subspace codes, and
constant-dimension codes (CDCs). Rank metric codes have further applications in

data storage, cryptography, and space-time coding.

Chapter 2 investigates the properties of rank metric codes through a geometric
approach. We study the fundamental problems of sphere packing and sphere cov-
ering in the rank metric, and our results provide guidelines on the design of rank

metric codes.

In Chapter 3, we derive the MacWilliams identity and related identities for rank
metric codes which parallel the binomial and power moment identities derived for
codes with the Hamming metric. These identities are fundamental relationships

between linear rank metric codes and their dual.

In Chapter 4, we introduce a new approach to studying CDCs. We show that
optimal CDCs correspond to optimal constant-rank codes over sufficiently large
extension fields, hence the problem of determining the cardinality of an optimal
CDC can be solved by studying constant-rank codes instead. Constant-rank codes
are also a useful tool to investigate the decoder error probability (DEP) of rank

metric codes. We thus show that the maximum DEP of rank metric codes used



over an equal row or an equal column space channel decreases exponentially with
2, where t is the error correction capability of the code.

In Chapter 5, we investigate the packing and covering properties of CDCs and
subspace codes. We first construct a new class of CDCs and investigate the covering
properties of CDCs. We then prove that optimal packing CDCs are nearly optimal
packing subspace codes for both metrics. However, optimal covering CDCs can
be used to construct asymptotically optimal covering subspace codes only for the
injection metric. We finally determine the DEP of any lifting of a rank metric code

over a symmetric operator channel.



Chapter 1

Introduction

Network coding [1,2] is a novel, elegant, and efficient approach to transmitting data
across a communication network. Suppose a source node sends a set of packets,
grouped into what are referred to as generations, to several destination nodes. Us-
ing traditional routing, the intermediate nodes only store and forward the packets
towards their destinations with no data processing. On the other hand, network
coding allows the intermediate nodes to combine the different packets of the same
generation. Using network coding can achieve the highest possible throughput given
the network topology, which in general is greater than the one achievable solely by
routing [2]. Since only linear combinations of packets over a large enough field
are needed to achieve this throughput [3], we consider linear network coding only.
Fixing the linear combinations at each node and for each set of source and desti-
nation nodes requires the knowledge of the entire network topology and result in
a highly rigid network code. Random linear network coding [4-6] was proposed to
tackle these difficulties. In random linear network coding, the linear combinations

of the packets operated at each node are chosen at random and independently of
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the network topology. With the help of little overhead (in order to keep track of the
linear combinations undergone by the generation of packets), random linear network

coding achieves the maximum throughput with high probability.

While random linear network coding has proved to be a powerful tool for dissem-
inating information in networks, it is highly susceptible to errors caused by various
sources such as noise, malicious or malfunctioning nodes, or insufficient min-cut. If
received packets are linearly combined at random to deduce the transmitted mes-
sage, even a single error in one erroneous packet could render the entire transmis-
sion useless. Thus, error control for random linear network coding is critical and
has received growing attention recently. Error control schemes proposed for random
linear network coding assume two types of transmission models: some (see, for ex-
ample, [7,8]) depend on and take advantage of the underlying network topology or
the particular linear network coding operations performed at various network nodes;
others [9,10] assume that the transmitter and receiver have no knowledge of such
channel transfer characteristics. The contrast is similar to that between coherent

and noncoherent communication systems.

Viewing a generation of packets as a matrix whose rows are the packets, we
can determine a channel model for random linear network coding. Suppose an
intermediate node receives some packets, gathered into an input matrix. The node
then performs linear combinations on the rows of the input matrix and transmits the
obtained output matrix. Although the output matrix is not necessarily equal to the
input matrix, they both have the same row space. Therefore, random linear network
coding can be viewed as transmitting a subspace of a vector space over a finite
field [9]. The errors occurring on the network can hence be viewed as modifications

of the transmitted subspace. Two types of modifications are considered: the first
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type, referred to as an erasure, is the loss of a dimension; the second type, referred to
as an error, is the injection of another dimension to the subspace. The transmission
of packets using random linear network coding can hence be modeled as transmitting
a subspace over an operator channel [9] which performs errors and erasures on the
input subspace. Error correction in noncoherent random linear network coding can
thus be treated as a coding problem where codewords are linear subspaces and codes
are subsets of the projective space of a vector space over a finite field. Such codes are
referred to as subspace codes. The metric used to characterize the errors occurring
on the network is the so-called subspace metric [9], or in the case of adversarial
channels, the injection metric [11]. Both these metrics can be defined in terms of

the numbers of errors and erasures required to obtain one subspace from another.

Similar to codes defined over complex Grassmannians for noncoherent multiple-
antenna channels, codes defined in Grassmannians associated with the vector space
play a significant role in error control for noncoherent random linear network coding;
such codes are also referred to as constant-dimension codes (CDCs) [9]. CDCs have
several interesting properties. First, the minimum subspace distance of a CDC is
equal to twice its minimum injection distance [11], and hence CDCs can be used
with either metric. Second, the decoding procedure is simplified, as a fixed number
of linearly independent packets are required to perform the decoding. Third, a class

of nearly optimal CDCs is given in [10] by lifting rank metric codes.

A rank metric code [12-14] can be viewed as a set of matrices over a finite field
where the distance between two codewords, referred to as the rank distance, is the
rank of their difference. The theory of rank metric codes shares many similarities
with the theory of Hamming metric codes [12,15]. In particular, a Singleton bound

and a class of Reed-Solomon like codes achieving this bound, referred to as Gabidulin
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codes, are given independently in [12-14]. A matrix can be lifted into a subspace of
fixed dimension [10], and hence a rank metric code can be lifted into a CDC. Since
the injection and the subspace distances between two lifted matrices are related to
their rank distance, the minimum distances of the lifting of a rank metric code are
related to that of the original rank metric code. Thus error control in random linear
network coding using CDCs can be turned into a rank metric problem [10]. In par-
ticular, liftings of Gabidulin codes are optimal CDC up to a scalar [9], and decoding
the errors occurring on the operator channel can be achieved using a generalized

rank distance decoder for Gabidulin codes [10].

This dissertation is devoted to the study of codes used for error control in ran-
dom linear network coding, namely rank metric codes, subspace codes, and CDCs.

The rest of the dissertation is organized as follows.

Chapter 2 investigates properties of codes with the rank metric. First, we deter-
mine the maximum cardinality of a rank metric code with a given minimum distance
and derive its asymptotic behavior. Then, we derive some fundamental combinato-
rial and geometric properties of the rank metric. Using these properties, we study
sphere covering properties of rank metric codes. We derive asymptotically tight
lower and upper bounds on the minimum cardinality of a code with a given rank
covering radius. We also design classes of covering codes optimal up to a scalar. We
finally study the covering properties of linear rank metric codes, and we determine

the covering radius of generalized Gabidulin codes.

The MacWilliams identity, which relates the weight distribution of a code to
that of its dual code, is useful in determining the weight distribution of codes. In

Chapter 3, we derive the MacWilliams identity for linear codes with the rank metric,



and our identity has a different form than that by Delsarte. Using our MacWilliams
identity, we also derive related identities for rank metric codes, which parallel the

binomial and power moment identities derived for codes with the Hamming metric.

CDCs have recently received attention due to their significance to error control
in noncoherent random linear network coding. What the maximal cardinality of any
constant-dimension code with finite dimension and minimum distance is and how
to construct optimal CDCs that achieve the maximal cardinality both remain open
research problems. In Chapter 4, we introduce a new approach to solving these
two problems. We first introduce constant-rank codes and establish a connection
between constant-rank codes and CDCs. Via this connection, we show that optimal
CDCs correspond to optimal constant-rank codes over sufficiently large extension
fields. As such, the two aforementioned problems are equivalent to determining the
maximum cardinality of constant-rank codes and to constructing optimal constant-
rank codes, respectively. To this end, we derive bounds on the maximum cardinality
of a constant-rank code with a given minimum rank distance, propose explicit con-
structions of optimal or asymptotically optimal constant-rank codes, and establish
asymptotic bounds on the maximum rate of a constant-rank code. We finally study
the decoder error probability (DEP) of rank metric codes using a bounded rank
distance decoder. We derive asymptotically tight upper bounds on the DEP of rank
metric codes used over an equal row or an equal column space channel, and we
determine the exact DEP of maximum rank distance codes used over an equal row

space channel.

Subspace codes, and in particular CDCs, have been proposed for two types of
error control in random linear network coding. They can either correct errors and

erasures inherent to random linear network coding operations by using the subspace
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metric, or they can correct errors and erasures due to an adversary injecting packets
on the network by using the injection metric. In Chapter 5, we first construct a
new class of CDCs, referred to as augmented KK codes, whose cardinalities are
greater than previously proposed CDCs in most cases and propose a low-complexity
decoding algorithm for these codes. We also investigate the covering properties
of CDCs. We first derive bounds on the minimum cardinality of a CDC with a
given covering radius and then determine the asymptotic behavior of this quantity.
Moreover, we show that liftings of rank metric codes have the highest possible
covering radius, and construct good covering CDCs by permuting liftings of rank
metric codes. We then study the packing and covering properties of subspace codes
using either metric. We first determine some fundamental geometric properties of
the projective space. Using these results, we derive bounds on the cardinalities
of packing and covering subspace codes, and we determine the asymptotic rate of
optimal packing and optimal covering subspace codes for both metrics. We thus
show that optimal packing CDCs are optimal packing subspace codes up to a scalar
for both metrics if and only if their dimension is half of their length. Hence, CDCs
can be used for correcting errors inherent to the network or caused by an adversary
with only a limited rate loss. However, we show that optimal covering CDCs can
be used to construct asymptotically optimal covering subspace codes only for the
injection metric. These results do not only show the difference between the two
metrics, but they also illustrate the significance of CDCs. Using geometric properties
of the projective space, we finally derive asymptotically tight upper bounds on the
DEP of any CDC obtained by lifting a rank metric code using either a bounded

subspace distance or a bounded injection distance decoder.



Chapter 2

Properties of Rank Metric Codes

2.1 Introduction

Although the rank has long been known to be a metric (see, for example, [16]), the
rank metric was first considered for error control codes by Delsarte [12]. The poten-
tial applications of rank metric codes to wireless communications [17,18], public-key
cryptosystems [19], and storage equipments [14,20] have motivated a steady stream
of works [13,14,20-30] that focus on their properties. The majority of previous
works focus on rank distance properties, code construction, and efficient decoding
of rank metric codes, and the seminal works in [12-14] have made significant con-
tribution to these topics. Independently in [12-14], a Singleton bound (up to some
variations) on the minimum rank distance of codes was established, and a class of
codes achieving the bound with equality was constructed. We refer to this class of
codes as Gabidulin codes henceforth. In [12,13], analytical expressions to compute

the weight distribution of linear codes achieving the Singleton bound with equality

9



CHAPTER 2. PROPERTIES OF RANK METRIC CODES

were also derived. In [20], it was shown that Gabidulin codes are optimal for cor-
recting crisscross errors (referred to as lattice-pattern errors in [20]). In [14], it was
shown that Gabidulin codes are also optimal in the sense of a Singleton bound in
crisscross weight, a metric considered in [14,22,31] for crisscross errors. Decoding
algorithms were introduced for Gabidulin codes in [13,14, 32, 33].

Both packing and covering properties are significant for error control codes, and
packing and covering radii are basic geometric parameters of a code, important in
several respects [34]. For instance, the covering radius can be viewed as a measure
of performance: if the code is used for error correction, then the covering radius is
the maximum weight of a correctable error vector [35]; if the code is used for data
compression, then the covering radius is a measure of the maximum distortion [35].
The Hamming packing and covering radii of error control codes have been extensively
studied (see, for example, [36,37]), whereas the rank packing and covering radii have
received relatively little attention. It was shown that nontrivial perfect rank metric
codes do not exist in [21,27,38]. In [23], a sphere covering bound for rank metric
codes was introduced. Generalizing the concept of rank covering radius, the multi-
covering radii of codes with the rank metric were defined in [39]. Bounds on the
volume of balls with rank radii were also derived [30].

In this chapter, we investigate packing and covering properties of rank metric

codes. The main contributions of this chapter are:

e In Section 2.3, we investigate the packing properties of rank metric codes and
also derive the asymptotic maximum code rate for a code with given relative

minimum rank distance.

e In Section 2.4, we first derive some instrumental combinatorial properties.

10



2.1.

INTRODUCTION

a
. 4

Figure 2.1: Sphere packing.

We then introduce the concept of elementary linear subspace (ELS) which
is the counterpart in the rank metric of a subset of coordinates. We finally
investigate properties of balls with rank radii. In particular, we derive both
upper and lower bounds on the volume of balls with given rank radii, and our
bounds are tighter than their respective counterparts in [30]. These technical

results are used later in our investigation of properties of rank metric codes.

In Section 2.5, we first derive both upper and lower bounds on the minimal
cardinality of a code with given length and rank covering radius. Our new
bounds are tighter than the bounds introduced in [23]. We also establish
additional sphere covering properties for linear rank metric codes, and prove
that some classes of rank metric codes have maximal covering radius. Finally,
we establish the asymptotic minimum code rate for a code with given relative

covering radius.

The sphere packing problem we consider is as follows: given a finite field GF(¢™),

length n, and radius r, what is the maximum number of non-intersecting balls

with radius 7 that can be packed into GF(¢™)"? This problem is illustrated in

11



CHAPTER 2. PROPERTIES OF RANK METRIC CODES

Figure 2.2: Sphere covering.

Figure 2.1 for different sphere radii, where the space is represented as a grey square,
and the non-intersecting spheres as white circles. The sphere packing problem is
equivalent to finding the maximum cardinality of a code over GF(¢™) with length
n and minimum distance d > 2r + 1: the spheres of radius r centered at the
codewords of such a code do not intersect one another. Furthermore, when these
non-intersecting spheres centered at all codewords cover the whole space, the code
is called a perfect code.

The covering radius p of a code C with length n over GF(¢™) is defined to be the
smallest integer p such that all vectors in the space GF(¢™)™ are within distance p of
some codeword in C [37]. It is the maximal distance from any vector in GF(¢™)" to
the code C. That is, p = maxyecargm)={d(x,C)}. Also, if C C C’, then the covering
radius of C is no less than the minimum distance of C’. Finally, a code C with length
n and minimum distance d is called a maximal code if there does not exist any code
C" with the same length and minimum distance such that C C C’. A maximal code

has covering radius p < d — 1. The sphere covering problem for the rank metric

12



2.2. THE RANK METRIC

can be stated as follows: given an extension field GF(¢™), length n, and radius p,
we want to determine the minimum number of balls of rank radius p which cover
GF(¢™)™ entirely. It is illustrated in Figure 2.2 for different sphere radii, where
the space (pictured as a grey square) is entirely covered by spheres (depicted as
white circles). The sphere covering problem is equivalent to finding the minimum

cardinality of a code over GF(¢™) with length n and rank covering radius p.

2.2 The rank metric

Consider an n-dimensional vector x = (xg,z1,...,2,-1) € GF(¢™)™. The field
GF(¢™) may be viewed as an m-dimensional vector space over GF(g). The rank
weight of x, denoted as rk(x), is defined to be the mazimum number of coordinates
in x that are linearly independent over GF(q) [13]. Note that all ranks are with
respect to GF(¢) unless otherwise specified. The coordinates of x thus span a linear
subspace of GF(¢™), denoted as S(x) or S(xg,z1,...,2,_1), with dimension equal
to rk(x). For any basis B,, of GF(¢™) over GF(q), each coordinate of x can be
expanded to an m-dimensional column vector over GF(¢) with respect to B,,. The
rank weight of x is hence the rank of the m X n matrix over GF(¢q) obtained by
expanding all the coordinates of x.

Since the rank weight can be defined from either a matrix perspective or a vector
viewpoint, both the matrix form [12,14] and the vector form [13] for rank metric
codes have been considered in the literature and shall be considered throughout this
dissertation. In this chapter, we shall mostly use the vector form.

For all x,y € GF(¢™)", it is easily verified that dg(x,y) of rk(x —y) is a metric

over GF(¢™)"™ [13], referred to as the rank metric henceforth. The minimum rank

13



CHAPTER 2. PROPERTIES OF RANK METRIC CODES

distance of a code C, denoted as dg(C), is simply the minimum rank distance over
all possible pairs of distinct codewords. When there is no ambiguity about C, we
denote the minimum rank distance as dgr. A code with a minimum rank distance
dgr can correct all errors with rank up to ¢t = |(dg — 1)/2].

Combining the bounds in [13] and [40] and generalizing slightly to account for

nonlinear codes, we can show that the cardinality K of a code C over GF(¢™) with
length n and minimum rank distance dg satisfies K < min {qm(”*dRH), q"(m*dRH)}.
We refer to this bound as the Singleton bound for codes with the rank metric, and
refer to codes that attain the Singleton bound as maximum rank distance (MRD)
codes. We refer to MRD codes over GF(¢™) with length n < m and with length
n > m as Class-I and Class-II MRD codes respectively. For any given parameter
set n, m, and dg, explicit construction for linear or nonlinear MRD codes exists.
For n < m and dg < n, generalized Gabidulin codes [26] constitute a subclass
of linear Class-I MRD codes. For n > m and dg < m, a Class-II MRD code
can be constructed by transposing a generalized Gabidulin code of length m and
minimum rank distance dg over GF(¢"), although this code is not necessarily linear
over GF(¢™). When n = Im (I > 2), linear Class-II MRD codes of length n and
minimum distance di can be constructed by a cartesian product G def gx...x@g
of an (m, k) linear Class-I MRD code G [40]. For all ¢, 1 < d < r < n < m, the
number of codewords of rank 7 in an (n,n —d+ 1, d) linear MRD code over GF(¢™)
is given by [13]

M(q,m,n,d,r) < m (—1)r3 m gm0 (gt ) (2.1)
j=d

The vector space GF(q)™ ™ endowed with the rank metric constitutes a metric

association scheme [12]. Its valencies [41] are given by Nr(g,m,n,u) = ["]a(m,u),

14



2.3. PACKING PROPERTIES OF RANK METRIC CODES

where a(m,0) = 1 and a(m,u) = [[*2) (¢™ — ¢') for u > 1 and M = % is the
Gaussian polynomial [42]. They represent the number of vectors at rank distance u
from any vector in GF(¢™)". The intersection numbers Jr(q, m,n,u,s,d) for rank
metric codes are the volumes of the intersection of two balls with rank radii « and s

and distance between their centers d and are critical to association schemes. They

have the following basic properties [43]:

Nr(q,m,n,d)Jr(q,m,n,u,s,d) = Ngr(qg,m,n,u)Jr(q,m,n,d,s,u) (2.2)

ZJR(Q,TTL,N,U, S7d) = NR((],TR,H, S)‘ (23)

u=0

2.3 Packing properties of rank metric codes

It can be shown that the cardinality K of a code C over GF(¢™) with length n and
minimum rank distance d satisfies K < min {gm"=4+0) ¢n(m=d+1 We refer to this
bound as the Singleton bound for codes with the rank metric, and refer to codes that
attain the Singleton bound as maximum rank distance (MRD) codes. We remark
that special cases of this more general Singleton bound were proposed in [13,14,40].

For any given parameter set n, m, and d, explicit construction for linear or
nonlinear MRD codes exists. For n < m and d < n, generalized Gabidulin codes [26]
can be constructed. For n > m and d < m, an MRD code can be constructed by
transposing a generalized Gabidulin code of length m and minimum rank distance
d over GF(q™), although this code is not necessarily linear over GF(¢™). When
n = Im (I > 2), linear MRD codes of length n and minimum distance d can be
constructed by a cartesian product G' of an (m, k) generalized Gabidulin code G.
Although maximum distance separable codes, which attain the Singleton bound for

the Hamming metric, exist only for limited block length over any given field, MRD

15



CHAPTER 2. PROPERTIES OF RANK METRIC CODES

codes can be constructed for any block length n and minimum rank distance d over
arbitrary fields GF(¢™). This has significant impact on the packing properties of
rank metric codes as explained below.

For the Hamming metric, although nontrivial perfect codes do exist, the optimal
solution to the sphere packing problem is not known for all the parameter sets [36].
In contrast, for rank metric codes, although nontrivial perfect rank metric codes
do not exist [21,38], MRD codes provide an optimal solution to the sphere packing
problem for any set of parameters. For given n, m, and r, let us denote the maximum
cardinality among rank metric codes over GF(¢™) with length n and minimum
distance d = 2r + 1 as Ar(q,m,n,d). Thus, for d > min{n, m}, Ar(q,m,n,d) =1
and for d < min{n,m}, Ag(q, m,n,d) = min {g""=*) ¢"m=d+HL Note that the
maximal cardinality is achieved by MRD codes for all parameter sets. Hence, MRD
codes admit the optimal solutions to the sphere packing problem for rank metric
codes.

The performance of Hamming metric codes of large block length can be studied
in terms of asymptotic bounds on the relative minimum distance in the limit of
infinite block length. Next, we derive the asymptotic form of Ag(g,m,n,d) when
both block length and minimum rank distance go to infinity. However, this cannot
be achieved for finite m since the minimum rank distance is no greater than m.
Thus, we consider the case where lim,, .o, - = v, where v is a constant.

Define § & limn_,oo% and ag(v,0) dof lim,,_, oo SUP [logqmn Agr(q, m,n, LénJ)],
where ag(v,d) represents the maximum possible code rate of a code which has
relative minimum distance J as its length goes to infinity. We can thus determine

the maximum possible code rate ag(v,0) of a code.

Proposition 2.1. For 0 < § < min{1,v7 '}, the existence of MRD codes for all
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parameter sets implies that ag(v,0) = min {1 — §,1 — vd}.

2.4 Technical results

2.4.1 Combinatorial results

In this section, we derive some combinatorial properties which will be very instru-

mental throughout this dissertation.

Lemma 2.2. For 0 < u <m, K,q™ < a(m,u) < ¢™, where K, = H;;(l —q7).
Also, for 0 < u < m—1, a(m,u) > q%quqm“. Finally, for 0 < u < |m/2],

mu

2_
a(m,u) > T52q

Proof. The upper bound is trivial. We now prove the lower bounds. We have
a(m,u) = ¢™ [ (1 — ¢=™) > ¢™K,. The second lower bound follows from
a(m,m —1) = g "a(m,m).

The third lower bound clearly holds for m = 0 and m = 1. Let us assume m > 2

henceforth and denote a‘({:uu) as D(m,u). It can be easily verified that D(m,u) is
an increasing function of w. Thus, it suffices to show that D(m, |m/2]) < qfil for

m > 2. First, if m is odd, m = 2p + 1, it can be easily shown that D(2p + 1,p) <
D(2p,p). Hence, we need to consider only the case where m = 2p, with p > 1. Let

us further show that D(2p, p) is a monotonically decreasing function of p since

2p+2 2p+2 2p+2 +1
qp qp qp _qp

D2p+2,p+1) D(2p,p)

g2t — 1 ) 2Pt — g ’ g2 +2
g (g2 — gpt)

= e
The maximum of D(2p, p) is hence given by D(2,1) = qzqil. ]
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It is worth noting that K, above represents the fraction of invertible m x m

matrices over GF(q) as m approaches infinity, and that K, increases with g¢.
Corollary 2.3. For 0 <t <n, we have [}] < Kq—lqt(n—t),

Proof. By definition, [7] = a(n,t)/a(t,t). Since a(n,t) < ¢" and by Lemma 2.2,

aft,t) > qut2, we obtain [ﬂ < Kq*lqt("*t)' -

2.4.2 Elementary linear subspaces

It is a well-known fact in linear algebra (see, for example, [13]) that a vector x of rank
rk(x) < u can be represented as x = (zg,x1,...,2Zn_1) = (€9, €1,...,€y_1)A, where
e; € GF(¢™) for j =0,1,...,u—1 and A is a v X n matrix over GF(q) of full rank
u. The concept of elementary linear subspace can be introduced as a consequence
of this representation. However, due to its usefulness in our approach we define the

concept formally and study its properties below from a different perspective.

Definition 2.4 (Elementary linear subspace). A linear subspace V' of GF(q™)" is
said to be elementary if it has a basis B consisting of row vectors in GF(q)". B is
called an elementary basis of V.. For 0 < v < n, we define E,(q,m,n) as the set of
all ELSs with dimension v in GF(q™)".

In order to simplify notations, we denote E,(q,n) = E,(q,1,n). By definition,
a linear subspace V' with dimension v is an ELS if and only if it is the row span of
a v x n matrix B over GF(¢) with full rank. Thus there exists a bijection between
E,(q,m,n) and E,(q,n), and |E,(q,m,n)| = m Also, it can be easily shown that a
linear subspace V of GF(¢™)" is an ELS if and only if there exists a basis consisting

of vectors of rank 1 for V.
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Next, we show that the properties of ELSs are similar to those of sets of coordi-

nates.

Proposition 2.5. For all V € E,(q,m,n) there exists V € E,_,(q,m,n) such that
V@V =GF(¢™", where V @V denotes the direct sum of V and V.

Proof. Clearly, the ELS V having elementary basis B such that B U B is a basis of
GF(q)" satisfies V @ V = GF(¢™)". O

We say that V is an elementary complement of V. Even though an elementary
complement always exists, we remark that it may not be unique.

The diameter of a code for the Hamming metric is defined in [36] as the maxi-
mum Hamming distance between two codewords. Similarly, we can define the rank

diameter of a linear subspace.

Definition 2.6. The rank diameter of a linear subspace L of GF(q™)" is defined to

be the mazimum rank among the vectors in L, i.e., 6(L) o maxyer {rk(x)}.

Proposition 2.7. For all V € E,(q¢,m,n), (V) < wv. Furthermore, if v < m, then
(V) =w.

Proof. Any vector x € V' can be expressed as the sum of at most v vectors of rank 1,
hence its rank is upper bounded by v. Thus, 6(V') < v by Definition 2.6. If v < m, we
show that there exists a vector in V with rank v. Let B = {b,;}/_; be an elementary

basis of V, and consider y = 3"~ a;b;, where {a;}75" is a basis of GF(¢™) over

GF(q). If we expand the coordinates of y with respect to the basis {a;}15!, we
obtain Y = (b{,..., bl ,,07,... ,OT)T . Since the row vectors by, by, --- ,b,_; are

linearly independent over GF(¢), Y has rank v and rk(y) = v. O
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Lemma 2.8. Any vector x € GF(¢™)" has rank r if and only if it belongs to a
unique ELSV € E.(¢,m,n).

Proof. The necessity is obvious. We now prove the sufficiency. We can express x as
x = >0 a;v;, where v; € GF(q)" for all i. Let V be the ELS of GF(¢™)" spanned
by v;’s, then dim(V) = r and x € V. We now prove the uniqueness of V. Suppose

r—1

x also belongs to W, where W € E,(g,m,n) has an elementary basis {w;}’_,

where w; € GF(g)" for all j. Therefore, x = >./_) a;v; = Z;;(l] bjw;, where

a;,b; € GF(¢™) for 0 <4, j < r—1. By definition, we have S(x) = S(ao, ..., a,-1) =

S(bg,...,b.—1), therefore b;’s can be expressed as linear combinations of a;’s, i.e.,

bj = Z;& ¢jia; where ¢j; € GF(q). Hence x = Ez;é a;u;, where u; = Z;;é CjiW;

for 0 <7 <r —1 form an elementary basis of W. Considering the matrix obtained
m—1

by expanding the coordinates of x with respect to the basis {a;}]",", we obtain

v; = u;, and hence V = W. O

Lemma 2.8 shows that an ELS is analogous to a subset of coordinates since a
vector x with Hamming weight r belongs to a unique subset of r coordinates, often
referred to as the support of x.

Let L be a linear subspace of GF(¢™)" and let L be complementary to L, i.e.,
L® L = GF(¢™)". We denote the projection of x on L along L as x;, [44]. Remark
that x = x;, + x7. Note that for any given linear subspace L, its complementary
linear subspace L is not unique. Thus, x;, depends on both L and L, and is well-
defined only when both L and L are given. All the projections are with respect to
a pair of fixed linear subspaces complementary to each other.

The decomposition over a pair of complementary ELSs induces a mapping from

GF(¢™)™ to GF(¢™)".
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Definition 2.9. Let V' € E,(¢,m,n) be the row span of B with an elementary
complement V. For any x € GF(¢™)", we define ry(x) = (rg,...,7y_1) € GF(¢g™)®

to be ry(x) = xyB™%, where B~ is the right inverse of B.

We remark that the ry function is linear and since B~ has full rank, we have

rk(ry(x)) = rk(xy) for all x.

Definition 2.10. For V € E,(q,m,n) the row span of B, let V be an elementary

complement of V which is the row span of B. For any x € GF(q™)", we define

sy (%) = (rv(x),1v(x)) € GF(¢™)".
Lemma 2.11. For all x € GF(¢™)", rk(sy ¢ (x)) = rk(x).

Proof. Note that x = sy (x)B where B = (B”|B”)7 is an n x n matrix over GF(q)

with full rank. Therefore rk(sy - (x)) = rk(x). O

Corollary 2.12. For all x € GF(¢™)" and two complementary ELSs V and V,
0 < rk(xy) <rk(x) and rk(x) < rk(xy) + rk(xy).

It can be easily shown that the second inequality in Corollary 2.12 can be strict
in some cases. For example, consider x = (1, 1) € GF(¢*)?. For appropriate ELSs
V and V, xy = (1, 0) and xy = (0, 1). Clearly, rk(x) < rk(xy) + rk(xy). However,
when V and V are two complementary sets of coordinates, the Hamming weight of
any vector x € GF(¢™)™ is the sum of the Hamming weights of the projections of x
on V and V. Therefore, Corollary 2.12 illustrates the difference between ELSs and
sets of coordinates.

In Proposition 2.5, it was shown that an ELS always has a complementary el-
ementary linear subspace. The following lemma enumerates such complementary

ELSs.
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Lemma 2.13. Suppose V' € E,(q,m,n) and A C V is an ELS with dimension
a, then there are ¢**~% ELSs B such that A@® B = V. Furthermore, there are
¢ [Z] such ordered pairs (A, B).

Proof. First, remark that dim(B) = v—a. The total number of sets of v —a linearly
independent vectors over GF(q) in V\ A is given by N = (¢* —q¢*)(¢* —q¢*™) - - (¢" —
") = ¢**"Ya(v — a,v — a). Note that each set of linearly independent vectors
over GF(q) constitutes an elementary basis set. Thus, the number of possible B is
given by N divided by a(v — a,v — a), the number of elementary basis sets for each

(v=a) choices for B. Since the number of

B. Therefore, once A is fixed, there are ¢*
a-dimensional subspaces A in V' is [’], the total number of ordered pairs (A, B) is

hence ¢*v=®) m i H

a

Puncturing a vector with full Hamming weight results in another vector with
full Hamming weight. Lemma 2.14 below shows that the situation for vectors with

full rank is similar.

Lemma 2.14. Suppose V € E,(q,m,n) andu € V has rank v, then rk(us) = a and
rk(up) = v—a for any A € E,(q,m,n) and B € E,_,(q,m,n) such that A&B = V.

Proof. First, us € A and hence rk(us) < a by [29, Proposition 2|; similarly,
rk(up) < v —a. Now suppose rk(uy) < a or rk(ug) < v — a, then v = rk(u) <

rk(ug) +rk(up) <a+v—a=wo. O

The projection uy of a vector u on an ELS A depends on both A and its com-
plement B. The following lemma further clarifies the relation: changing B always

modifies uy, provided that u has full rank.
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Lemma 2.15. Suppose V' € E,(¢,m,n) and uw € V has rank v. For any A €
E.(q,m,n) and B € E, _,(q,m,n) such that A ® B =V, define the functions
ful(A, B) =uy and gu(A, B) =ug. Then both f, and g, are injective.

Proof. Consider another pair (A’, B’) with dimensions a and v — a respectively.
Suppose A" # A, then uy # uy. Otherwise uy belongs to two distinet ELSs with
dimension a, which contradicts Lemma 2.8. Hence uy # uy and upr = u — uy #

u — uy = ug. The argument is similar if B’ # B. O

We now extend the definition of the restriction to linear codes.

Definition 2.16. For V € E,(q, m,n) with elementary basis B and its elementary

complement V, Cy = {ry(c)|c € C} is called the restriction of C to V.

It is well known that a punctured MDS code is an MDS code [36]. We now show
that the restriction of an MRD code to an ELS is also MRD.

Lemma 2.17. Let C be an (n,k,n—k+ 1) linear MRD code over GF(¢™). For all
ELS 'V with dimensionv (k <v <mn), Cy is an MRD code with length v, cardinality
q™, and minimum rank distance dg = v — k + 1 over GF(q™).

Proof. For ¢ #d € C, consider x = ¢ —d. By the property of ry function, we have
tk(ry(c)—ry(d)) = rk(ry(c—d)) = rk(xy) > rk(x) —1k(xy) > n—k+1—(n—v) =
v — k + 1. Therefore, Cy is a code over GF(¢™) with length v, cardinality ¢"*, and
minimum rank distance > v — k 4+ 1. The Singleton bound on C\, completes the

proof. O]
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2.4.3 Properties of balls with rank radii

We refer to all vectors in GF(¢™)™ within rank distance r of x € GF(¢™)" as a ball
of rank radius r centered at x, and denote it as B,.(x). Its volume, which does not
depend on x, is denoted as Vg (¢, m,n,r) = > _, Nr(g, m,n,u). When there is no

ambiguity about the vector space, we denote Vg(q, m,n,r) as Vr(r).

Lemma 2.18. For 0 < r < min{n,m}, ¢ < Vg(q,m,n,r) < K 'q"mtn=),

where K, o [, —q7).

Proof. From Lemma 2.8, every vector x in the ball belongs to some ELS V' with
dimension ¢. Since |V| = ¢™" and |E;(¢g, m,n)| = [}], it follows that Vi (t) < [}]¢™.

By Corollary 2.3, we have [}] < Kq_lqt(”_t), and hence Vi(t) < Kq_lqt(m”‘_t).

We now prove the lower bound by constructing ¢"™*+"~") vectors z € GF(¢™)" of
rank at most r. Let x € GF(¢™)" let a subspace T' of GF(¢™) such that dim(7") = r
and S(x) € T. We consider the vectors y € GF(¢™)"™" such that S(y) C 7.
There are ¢"™" choices for x and, for a given x, ¢"»~") choices for y. Thus the total

r(m+n—r

number of vectors z = (x,y) € GF(¢™)" is ¢ ), and since S(z) C T, we have

rk(z) <. O

We remark that both bounds in Lemma 2.18 are tighter than their respec-
tive counterparts in [30, Proposition 1]. More importantly, the two bounds in
Lemma 2.18 differ only by a factor of K,, and thus they not only provide a good
approximation of Vi (q,m,n,r), but also accurately describe the asymptotic behav-
ior of Vk(q, m,n,r). This will enable us to determine the asymptotic behavior of
the solution to sphere covering problem in Section 2.5.7.

The diameter of a set is defined to be the maximum distance between any pair

n

of elements in the set [36, p. 172]. For a binary vector space GF(2)" and a given
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diameter 2r < n, Kleitman [45] proved that balls with Hamming radius r maximize
the cardinality of a set with a given diameter. However, when the underlying field
for the vector space is not GF(2), the result is not necessarily valid [37, p. 40]. We
show below that balls with rank radii do not maximize the cardinality of a set with

a given diameter.

Proposition 2.19. For 2 < 2r < n < m, any S € Ey.(qg,m,n) has diameter 2r

and cardinality |S| > Vk(q, m,n,r).

2mr

Proof. Any S € FEs.(q,m,n) has diameter 2r and cardinality ¢*™". For r = 1, we

have Vr(q,m,n,1) = 1 + % < ¢*™. For r > 2, we have Vr(q,m,n,r) <

K(;lq”(”“”)*"2 by Lemma 2.18. Since r* > 2 > —log, K;, we obtain Vg(¢q,m,n,r) <

qr(n-i-m) < ‘S| 0

The intersection of balls with Hamming radii has been studied in [37, Chapter

2], and below we investigate the intersection of balls with rank radii.

Lemma 2.20. If0 < r,s <n and cy,c2 € GF(¢™)", then |B,(c1) N Bs(ca)| depends

on ¢; and ¢y only through dgr(cq,cs).

Proof. This follows from the fact that matrices in GF(q)™*" together with the rank

metric form an association scheme [12,15]. O

Lemma 2.21. We have

ZNR P,() P, i), (2.4)

Jr(u, s,w) = m”NR

where K;(i) is a q¢-Krawtchouk polynomial [46]:

j .
Z ]Hm+ ){n—l][n—z}
P n—j [
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Proof. This directly follows [41, Chapter II, Theorem 3.6]. ]

Although (2.4) is a direct application of the theory of association schemes, we
present it formally since it is a fundamental geometric property of the rank metric
which will be instrumental in our later derivations. We also denote the intersection
of two balls with radii v and s and distance between their centers w as I(u, s, w).

Since

I(u,s,w) = Z Z Jr(i, j,w), (2.5)

=0 j=0
(2.4) also leads to an analytical expression for I(u,s,w). In order to simplify nota-

tions, we denote I(p, p,d) as I(p,d).

Proposition 2.22. If 0 < r;s < n, ¢1,¢o, ¢}, ¢, € GF(¢™)" and dr(ci,co) >

dr (€}, c}). then | B, (e1) N Bu(ea)| < |B.(e}) N By(ch).

Proof. Tt suffices to prove the claim when dg(cy,ce) = dr(c),ch) +1 =e+ 1. By
Lemma 2.20, we can assume without loss of generality that ¢; = ¢} = 0, ¢, =
(0,¢1,...,¢,0,...,0) and ¢ = (co,c1,...,C,0,...,0), where cg,...,c. € GF(¢™)
are linearly independent.

We will show that an injective mapping ¢ from B,(c;)NBs(cz) to B,(c})NBs(ch)

can be constructed. We consider vectors z = (zg, 21,...,2n-1) € Br(c1) N By(cy).
We thus have rk(z) < r and rk(u) < s, where u = (ug, Uy, ...,Up_1) = 2 — C3 =
(z0—Co,21—C1y- -, 2n_1). We also define z = (21,...,2,-1) and = (uy, ..., Up_1).

We consider three cases for the mapping ¢, depending on z and a.

e Case I: rk(u) < s — 1. In this case, ¢(z) & 4. We remark that rk(z — cf) <

rk(w) + 1 < s and hence ¢(z) € B,.(c}) N Bs(c)).
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e Case II: tk(u) = s and rk(z) < r—1. In this case, ¢(z) e (20—Coy 215+ -+, Zn—1)-

We have rk(¢(z)) < rk(z) +1 < r and rk (¢(z) — c) = rk(z —c2) < s, and
hence ¢(z) € B,(c}) N Bs(c)).

e Case III: rk(u) = s and rk(z) = r. Since rk(u) = s, we have zyp — ¢y € S(u).
Similarly, since rk(z) = r, we have z; € S(z). Denote dim(S(u,z)) as d (d >
s). For d > s, let ay,...,aq_1 be a basis of S(u,z) such that ag,...,as1 €
S(u) and g, ...,aq-1 € S(z). This basis is fixed for all vectors z having the
same z, i.e., it is fixed for all values of z;. Note that ¢y € S(u,z), and may
therefore be uniquely expressed as ¢y = ¢, + ¢, where ¢, € S(ag,...,as 1) =
S(u) and ¢, € S(as,...,aq-1) C S(z). If d =s, then ¢, = 0 € S(z). In this
case, ¢(z) & (20 — €2, 215+ ., 2n—1). Remark that zp — ¢, € S(z) and hence
tk(p(z)) = r. Also, zg — ¢, = 29 — ¢o + ¢, € S(u) and hence rk(¢(z) — ) = s.
Therefore ¢(z) € B,(c}) N Bs(c)).

It can be easily verified that ¢ is injective, hence |B,(c;) N Bs(cq)| < |Br(c})) N

Bi(ch)l- B

Corollary 2.23. If0 < r,s <mn, cy,cq,c},cy € GF(¢™)" and dr(cy, c2) > dr(c),c)),

then | B, (c1) U By(ca)| > |B,(ch) U By(ch)].

Proof. The result follows from | B, (c;) U Bs(ca)| = Vr(r) + Vr(s) — | B,(c1) N Bs(ca)|.
[

We now quantify the volume of the intersection of two balls with rank radii for

some special cases, which will be used in Section 2.5.2.

Proposition 2.24. Ifci,cy € GF(¢™)™ and dr(cy,c2) =1, then |B,(c1)NBi(ca)| =
L+ (" -]+ @ - D[]
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Proof. By Lemma 2.20, we assume without loss of generality that co = 0 and
rk(c;) = r. By Lemma 2.8, the vector ¢; belongs to a unique ELS V' € E,.(¢,m,n).
First of all, it is easy to check that y = 0 € B,(c1) N B1(0). We now consider a
nonzero vector y € B;(0) with rank 1. We have dr(y,c;) = r+1ifand onlyify ¢ V
and S(y) € S(cy). There are w such vectors. Thus, |B,(c1) N Byi(cq)| =
1+ N(g,m,n, 1) = L= — 1 4 (g — g")[1] + (¢ — D[}]. O

Proposition 2.25. Ifcy,cy € GF(¢™)" and dr(cy,¢a) = 1, then |Bs(c1)NB,_s(ca)| =

g°r=*) [T] for0<s<r.

Proof. By Lemma 2.20, we can assume that ¢; = 0, and hence rk(cy) = r. By
Lemma 2.8, ¢y belongs to a unique ELS V' € E,.(¢,m,n). We first prove that all
vectors y € Bs(0) N B,_s(cy) are in V. Let y = yv + yw, where W € E,,_,(¢,m,n)
such that V& W = GF(¢™)". We have yy + (ca — ¥y)y = co, with rk(yy) <
tk(y) < s and rk((ca —y)v) < rk(cy —y) < r —s. Therefore, rk(yy) = rk(y) = s,
tk((ca —y)v) = tk(ca —y) = r — s, and S(yv) N S((ca —y)v) = {0}. Since
rk(yy) = rk(y), we have S(yw) C S(yv); and similarly S((ca—y)w) C S((ca—y)v).
Altogether, we obtain S(yw)NS((ce —y)w) = {0}. However, yw + (c2a —y)w = 0,
and hence yy = (co — y)w = 0. Therefore, y € V.

We now prove that y is necessarily the projection of ¢y onto some ELS A of V.
If y € V satisfies tk(y) = s and rk(cy — y) = 7 — s, then y belongs to some ELS A
and c; —y € B such that A® B =V. We hence have y = cy 4 and c; —y = 2 .

On the other hand, for any A € Es(q,m,n) and B € E,_(q,m,n) such that
A® B =1V, cy4 is a vector of rank s with distance r — s from c; by Lemma 2.14.
By Lemma 2.15, all the ¢y 4 vectors are distinct. There are thus as many vectors y
as ordered pairs (A, B). By Lemma 2.13, there are ¢°"~* [;] such pairs, and hence

g°r=s) [g] vectors y. ]
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The problem of the intersection of three balls with rank radii is more complicated
since the volume of the intersection of three balls with rank radii is not completely
determined by the pairwise distances between the centers. We give a simple example
to illustrate this point: consider GF(2%)? and the vectors ¢; = ¢} = (0,0,0), ¢; =
ch = (1,0,0), c3 = (,0,1), and ¢ = (o, + 1,0), where « is a primitive element
of the field. It can be verified that dgr(cy,c2) = dr(ca,c3) = dr(cs,c1) = 2 and
dr(c},cy) = dr(ch,cy) = dr(ch,c)) = 2. However, Bi(cy) N Bi(cz) N Bi(cs) =
{(a+1,0,0)}, whereas Bi(c}) N Bi(ch) N By(cy) = {(1,0,0), (0, + 1,0), (o, a, 0) }.
We remark that this is similar to the problem of the intersection of three balls with
Hamming radii discussed in [37, p. 58], provided that the underlying field is not
GF(2).

We also derive a bound on the volume of the union of any K balls with radius

p, which will be instrumental in Section 2.5.

Lemma 2.26. The volume of the union of any K balls with rank radius p is at

most

Br(K,p) = Valp)+ Y (¢ — ¢ V™) [Va(p) — I(p,n — a+ 1)]

+(K = ¢"™)[Ve(p) — I(p,n = 1)),
where | = [log,m K |.

Proof. Let {v;}," denote the centers of K balls with rank radius p and let V; =
{vi}J=; for 1 < j < K. The centers are labeled such that dg(v;, V;) is non-increasing
for j > 0. For 1 < a <[ and ¢V < j < g™, we have dg(v;,V;) = dg(Vj11) <
n —a + 1 by the Singleton bound. The center v; hence covers at most Vg (p) —

I(p,n —a+ 1) vectors that are not previously covered by V. O
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2.5 Covering properties of rank metric codes

2.5.1 The sphere covering problem

We denote the minimum cardinality of a code of length n and rank covering radius
p as Kgr(q,m,n,p). We remark that if C is a code over GF(¢™) with length n and
covering radius p, then its transpose code CT is a code over GF(¢") with length
m and the same covering radius. Therefore, Kgr(q, m,n,p) = Kr(q,n,m,p), and
without loss of generality we shall assume n < m henceforth in this section. Also
note that Kr(q, m,n,0) = ¢™ and Kgr(q, m,n,n) = 1 for all m and n. Hence we
assume 0 < p < n throughout this section. Two bounds on Kg(q,m,n,p) can be

easily derived.

Proposition 2.27. For0 < p<n <m, % < Kr(q,m,n,p) < gm0,

Proof. The lower bound is a straightforward generalization of the bound given

in [23]. Note that the only codes with cardinality are perfect codes. How-

qmn
Vr(p)
ever, there are no nontrivial perfect codes for the rank metric [38]. Therefore,

mmn

q
Vr(p)*

Let C be an (n, k) linear code over GF(¢™) and without loss of generality assume

KR(Q? m,n, p) >

(I, | R) is its generator matrix. For any x = (z¢,x1,...,2,-1) € GF(¢™)", there
exists ¢ = (xg, T1,...,Tk_1,Ck,--.,Cn—1) € C such that rk(c — x) < n — k and hence
the covering radius p of C satisfies p < n — k. That is, |C| < ¢™"~). By definition,
Kgr(q,m,n, p) < |C|, which leads to the upper bound. O

We refer to the lower bound in Proposition 2.27 as the sphere covering bound.
For a code over GF(¢™) with length n and covering radius 0 < p < n, we have

Kgr(q,m,n,p) < Ky(q,m,n, p), where Ky(q, m,n, p) is the minimum cardinality of a
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(linear or nonlinear) code over GF(¢™) with length n and Hamming covering radius
p. This holds because any code with Hamming covering radius p has rank covering
radius < p. Since Ky(q,m,n,p) < ¢™"?) [37], this provides a tighter bound than

the one given in Proposition 2.27.
Proposition 2.28. For 0 < p <n <m, Kgr(q,m,n,p) > 3.

Proof. Suppose there exists a code C of cardinality 2 and length n over GF(¢™)
with covering radius p < n. Without loss of generality, we assume C = {0, c}.
Since |B,(0) U B,(c)| is a non-decreasing function of rk(c) by Corollary 2.23, we
assume rk(c) = n. The code G = (c) is hence an (n,1,n) linear MRD code over
GF(q™). Therefore, any codeword in G\C is at distance n from C. Thus p = n,

which contradicts our assumption. O]

Lemma 2.29. Kg(q,m,n+n',p+p') < Kr(q,m,n, p)Kr(q,m,n’, p") for allm >0
and nonnegativen, n', p, and p'. In particular, Kgr(q, m,n+1, p+1) < Kgr(q,m,n, p)

and KR(Q: m,n + ]-7 P) < quR(Q7 m7n7p)'

Proof. For all x,y € GF(¢™)" and x',y’ € GF(¢™)", we have dg((x,x'), (y,y")) <
dr(x,y) + dr(y,y’). Therefore, for any C € GF(¢™)", C' € GF(¢™)"™, we have
p(C® ') < p(C) + p(C") and the first claim follows. In particular, (n/,p') = (1,1)

and (n/, p’) = (1,0) yield the other two claims respectively. O

2.5.2 Lower bounds for the sphere covering problem

We now derive nontrivial lower bounds on Kg(q, m,n, p).
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Proposition 2.30. For 0 < p<n <m and 0 <[ < [log,n Kr(q,m,n,p)],

1
Kgr(g,m,n, > mn_ g™ (p,m — 1
rlq 2 Valp) —I(pn—0 |1 ¢ (v )

l
+ Yoo @ —=q“IMI(pn—at+1)|. (26)

a=max{l,n—2p+1}

Proof. Let C = {c;} ;" be any code of length n and covering radius p over GF(¢g™).
By definition, C covers all ¢™" vectors in GF(¢™)"; however, by Lemma 2.26, it
cannot cover more than Bg(|C|, p) vectors. Therefore, |C| > min{K : Br(K,p) >
¢™"}, which yields (2.6). O

Note that the RHS of (2.6) is a non-decreasing function of [, thus the bound
is tightest when | = |log,» Kr(q,m,n,p)|. Although Kgr(q,m,n,p) is unknown
in general, this bound can be used iteratively: we start with any lower bound on
Kgr(q, m,n, p), and using the largest [ the RHS of (2.6) results in a new lower bound
on Kr(q, m,n,p); we repeat this until (2.6) does not offer any improvement on the
value of |log . Kr(q,m,n,p)]. The initial condition could be either any other lower
bound on Kg(q,m,n,p), or [ = 0 (which actually is a refinement of the lower bound

in Proposition 2.27).

Corollary 2.31. For 0 < p <n <m, Kr(q,m,n,p) > %.
Proof. This is a special case of Proposition 2.30 for [ = 0. n

Corollary 2.32. For allm, n, and 0 < p < |n/2],
qmn _ qm(n72p)+p2 [2[;0}

Vk(p) — " [pr]

Proof. Since the balls of rank radius p around the codewords of an (n,n—2p,2p+1)

KR(qa m,n, p) Z

MRD code do not intersect, ¢™" > Vi(q, m,n, p)g™ "), By the sphere covering
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bound, we obtain Kg(q, m,n, p) > ¢"™ 2" and hence log,m Kr(q,m,n,p) > n—2p.
Use Proposition 2.30 for I =n —2p > 0, and I(p, 2p) = ¢*° [2;} by Proposition 2.25.
O

The bound in Corollary 2.32 can be viewed as the counterpart in the rank metric
of the bound in [47, Theorem 1].

Van Wee [48,49] derived several bounds on codes with Hamming covering radii
based on the excess of a code, which is determined by the number of codewords
covering the same vectors. Although the concepts in [48,49] were developed for
the Hamming metric, they are in fact independent of the underlying metric and we
adapt them to the rank metric. For all V' C GF(¢™)" and a code C with covering
radius p, the excess on V' by C is defined to be E¢(V) &f Yoeee | Bole) NV —|V]. If
{W;} is a family of disjoint subsets of GF(¢™)", then E¢ (J, W;) = >, Ec(W;). We
define Z & {z € GF(¢")"|Ec({z}) > 0}, i.e., Z is the set of vectors covered by at
least two codewords in C. Note that z € Z if and only if |B,(z) NC| > 2. It can be
shown that |Z| < E¢(Z) = Ec(GF(¢™)") = |C|Vr(q, m,n, p) — ¢™".

Before deriving the second nontrivial lower bound, we need the following adap-

tation of [49, Lemma 8]. Let C be a code with length n and rank covering radius p

over GF(¢™). We define A o {x € GF(¢™)"|dr(x,C) = p}.

Lemma 2.33. For x € A\Z and 0 < p < n, we have that Ec(By(x)) > €, where

=g e -]

Proof. Since x ¢ Z, there is a unique ¢y € C such that dr(x,co) = p. By

Proposition 2.24 we have |B,(co) N Bi(x)] = 1+ (¢™ — ¢”)[!] + (¢* — 1)[}]. For

any codeword c; € C satisfying dr(x,c1) = p + 1, by Proposition 2.25 we have
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|B,(c1)NBi(x)| = ¢”[’}']. Finally, for all other codewords ¢, € C at distance > p+1
from x, we have |B,(c2) N Bi(x)| = 0. Denoting N & |{c1 € Cldr(x,c1) = p+ 1},

we obtain

Ee(Bi(x)) = Y [By(c)N Bi(x)| — |Bi(x)|

ceC

= (" —¢") m +N¢” ['OJ{ 1} - m (@™ —3q")

= ([ -L) = (7))

The proof is completed by realizing that (¢™ —¢*) ([] — [1]) < 0, while E¢(B;(x))

is a non-negative integer. O
For p =n — 1, Lemma 2.33 is improved to:

Corollary 2.34. For x € A\Z and p = n — 1, Ec¢(B1(x)) = ¢, where ¢ 2
Sher =t @+ )

Proof. The proof calls the same arguments as the proof above, with N = |C| —1 for

p=n—1. 0

mn

Proposition 2.35. If € > 0, then Kgr(q,m,n,p) > o where § %

Wr(p)—5Nr(g;m,n,p)’
Va(l) —¢* 71 [f] = 1+ 2e.

The proof of Proposition 2.35, provided in Appendix 7.1.1, uses the approach
in the proof of [49, Theorem 6] and is based on the concept of excess. The lower
bounds in Propositions 2.30 and 2.35, when applicable, are at least as tight as the

sphere covering bound. For p = n — 1, Proposition 2.35 is refined into the following.

Corollary 2.36. Let us denote the coefficients ¢"'[}] and ¢"* (¢™ + [*']) as a

and 3, respectively. Kgr(q, m,n,n—1) satisfies aKgr(q, m,n,n—1)>~bKgr(q,m,n,n—
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1)+c¢ >0, where a d:efoz[VR(n — 1)+ Vr(n—2)], b & Va(n—1){g"2["'] = Va(1) +
B+ 1} +2aq™ + fVr(n —2), and ¢ ) g {28 +1+q" 2 [”II] — Vr(1)}.

The proof of Corollary 2.36 is given in Appendix 7.1.2.
We now derive a lower bound on Kg(q, m,n, p) based on the linear inequalities

satisfied by covering codes.

Proposition 2.37. For 0 <6 < p, let Ts =min ) ., A;(9), where the minimum is
taken over all integer sequences {A;(0)} which satisfy A;(6) =0 for 0 <i < 4§ —1,
As(0) > 1,0 < A;(0) < Ng(i) ford+1<i<mn, and > ;.  Ai(0) >0, Jr(r,s,i) >

Ng(r) for 0 <r <mn. Then Kr(q™, n,p) > maxo<s<, Ls.

™ at distance

Proof. Let C be a code with covering radius p. For any u € GF(¢™)
0 <6 < pfrom C, let A;(d) denote the number of codewords at distance i from u.
Then Y7 , A;(d) = |C| and we easily obtain A;(6) =0 for 0 <i <06 —1, As(d) > 1,
and 0 < A;(§) < Ngr(7) for § +1 < i < n. Also, for 0 < r < n, all the vectors at

distance r from u are covered, hence Y, A;(8) >-0_, Jr(r,s,i) > Ng(r). O

We note that the notation A;(d) is used above since the constraints on the
sequence depend on §. Since Ty is the solution of an integer linear programming, it

is computationally infeasible to determine Ty for very large parameter values.

2.5.3 Upper bounds for the sphere covering problem

From the perspective of covering, the following lemma gives a characterization of

MRD codes in terms of ELSs.

Lemma 2.38. Let C be an (n,k) linear code over GF(¢™) (n < m). C is an MRD
code if and only if C®V = GF(¢™)" for allV € E,_i(q,m,n).
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Proof. Suppose C is an (n, k,n — k + 1) linear MRD code. It is clear that CNV =
{0} and hence C & V = GF(¢™)" for all V € E,_(q,m,n). Conversely, suppose
CoV =GF(@™)" for all V € E,_1(q,m,n). Then C does not contain any nonzero

codeword of weight < n — k, and hence its minimum distance is n — k + 1. O]

For 1 < u < p, let ap = 1,01,...,0m1u-1 € GF(¢™™™) be a basis set of
GF(¢™™) over GF(q), and let By = 1,01,...,0m_1 be a basis of GF(¢™) over
GF(q). We define the linear mapping f between two vector spaces GF(¢™) and
S def S(ag, a1, .., 1) given by f(5;) = a; for 0 < i < m — 1. We remark that
ag = (o = 1 implies that f maps GF(q) to itself. This can be generalized to n-
dimensional vectors, by applying f componentwise. We thus define f : GF(¢™)" —
GF(g™**)" such that for any v = (vo,...,vn_1), f(v) = (f(v0),..., f(va_1)). Note
that f depends on u, but we omit this dependence for simplicity of notation. This

function f is a linear bijection from GF(¢™)" to its image S”, and hence f preserves

the rank. f also introduces a connection between ELSs as shown below.

Lemma 2.39. For u > 1, r < n, and any V € E.(q,m,n), f(V) C W, where
W € E.(g,m + u,n). Furthermore, f induces a bijection between E,(q,m,n) and

E.(qg,m + u,n).

Proof. Let B = {b;} be an elementary basis of V' € E,(q¢,m,n). Then, b; € GF(q)"
and b; = f(b;). Thus, {f(b;)} form an elementary basis, and hence f(V) Cc W,
where W € E,(q, m+u,n) with {f(b;)} as a basis. It is easy to verify that f induces

a bijection between E,.(q,m,n) and E,.(q,m + u,n). ]

Proposition 2.40. Let C be an (n,n — p,p+ 1) MRD code over GF(¢™) (n < m)
with covering radius p. For 0 < u < p, the code f(C), where f is as defined above,

is a code of length n over GF(q™ ™) with cardinality ¢™"=?) and covering radius p.
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Proof. The other parameters for the code are obvious, and it suffices to establish
the covering radius. Let T, be a subspace of GF(¢™*) with dimension u such that
Sm @ T, = GF(¢g™™). Any u € GF(¢™**)™ can be expressed as u = v + w, where
v e S and w € T)'. Hence rk(w) < u, and w € W for some W € E,(¢,m + u,n)
by Lemma 2.8. By Lemmas 2.38 and 2.39, we can express v as v = f(c +e) =
f(c) + f(e), where ¢ € C and e € V, such that f(V) C W. Eventually, we have
u = f(c)+ f(e) +w, where f(e) +w € W, and thus d(u, f(c)) < p. Thus f(C) has
covering radius < p. Finally, it is easy to verify that the covering radius of f(C) is

exactly p. O
Corollary 2.41. For 0 < p <n <m, Kr(q,m,n, p) < goxim=pnin=p),

Proof. We can construct an (n,n— p) linear MRD code C over GF(¢*) with covering
radius p, where = max{m — p,n}. By Proposition 2.40, f(C) C GF(¢™)", where
f is a rank-preserving mapping from GF(¢")" to a subset of GF(¢™)" similar to f
above, has covering radius < p. Thus, Kg(¢q,m,n, p) < |f(C)] = |C| = ¢, O

We use the properties of Kr(q, m,n, p) in Lemma 2.29 in order to obtain a tighter

upper bound when p > m — n.

Proposition 2.42. Given fired m, n, and p, for any 0 < I < n and (n;, p;) for
0<i<l—1sothat0 <n; <n,0<p <ng and n; + p; < m for all i, and

-1 -1
D imoni =mn and Y pi = p, we have

" < . m(n—p)=3; pi(ni—pi) | 2.7
r(g:m, . p) < {(nnpi%lgiél—l} {q } =0

Proof. By Lemma 2.29, we have Kg(q, m,n, p) <[], Kr(g, m,n;, p;) for all possible
sequences {p;} and {n;}. For all i, we have Kg(q, m,n;, p;) < ¢™=r)(=ri) by Corol-
lary 2.41, and hence Kg(q,m,n, p) < gi(m=rdni=pi) — gmn=p)=d; pi(ni=pi) H
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It is clear that the upper bound in (2.7) is tighter than the upper bound in
Proposition 2.27. It can also be shown that it is tighter than the bound in Corol-
lary 2.41.

The following upper bound is an adaptation of [37, Theorem 12.1.2].

Proposition 2.43. For 0 < p <n <m, Kgr(q,m,n,p) < oz mn(qlm"—VR(p)) + 1.
q

Our proof, given in Appendix 7.1.3, adopts the approach used to prove [37,
Theorem 12.1.2]. Refining [37, Theorem 12.2.1] for the rank metric, we obtain the

following upper bound.

Proposition 2.44. For 0 < p<n <m and a e min{n, 2p},

% <k _ Hmin s,7}
R(q,m,n,p) > RAVR(p) (min{s,j} VR(p)) + VR(p) {s.J}

where kvg ) = ™" — Va(p)g™ ", s = Va(p) — X0, @[], 7 = [Va(p) —

Ve(p)?q~™], and Hy 1 Zle L is the k-th harmonic number.

Proof. We denote the vectors of GF(¢™)" as v; for ¢ = 0,1,...,¢™ — 1 and we

™ gquare matrix A defined as a;; = 1 if dg(v;,v;) < p and

consider a ¢"" X q
a;; = 0 otherwise. Note that each row and each column of A has exactly Vz(p)
ones. We present an algorithm that selects K columns of A with no all-zero rows.
These columns thus represent a code with cardinality K and covering radius p.

Set Avy(p) = A and kyy(p)+1 = ¢™". For i = Vr(p), Va(p) — 1,...,1, repeat the
following step: First, select from A; a maximal set of K; columns of weight ¢ with
pairwise disjoint supports; Then, remove these columns and all the iK; = k; 11 — k;
rows incident to one of them, and denote the remaining k; x (¢™" — Ky () — - - - — K;)

matrix as A;_;. The set of all K = Ky, (,)+- - -+ K selected columns hence contains

no all-zero rows and forms a covering code.
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For 2p < n, we can select an (n,n — 2p,2p + 1) linear MRD code C for the first
step. Since an MRD code is maximal, its codewords correspond to a maximal set
of columns with disjoint supports. If 2p > n, C is chosen to be a single codeword,
and Ky, = 1. Thus Ky, ) = """ and k() = ¢™™ — Vr(p)g™"¥, where
a = min{n, 2p}.

We now establish two upper bounds on k; for 1 <i < Vi(p). First, it is obvious
that k; < kv, (). Also, every row of A;_; contains exactly Vz(p) ones; on the other

hand, every column of A;_; contains at most i — 1 ones. Hence for 1 < i < Vi(p),

Ve(p)ks < (i —1)(¢™ — Kyyp) — -~ — K;) < (i — 1)¢™", and thus
k< (i— 1)L (2.8)
- Ve(p)
Clearly £ = 0 by (2.8). We have k() < (i — 1)l if i =12 j & {%] .

We now establish an upper bound on K = Z & (p) K;. For any vector x €
GF(¢™)™, we have dg(x,C) < 2p. This is trivial for 2p > n, while for 2p < n this is
because MRD codes are maximal codes. For 2p < n, at least ¢ [ ] vectors in B,(x)
are already covered by C by Proposition 2.25. For 2p > n, it can be shown that at
least >0, ,q q'"=I["] vectors in B,(x) are already covered by C. It follows that after
the first step, the column weight is at most s o Ve(p)—> 0 . ) g9 m Since s >
max{l <i < Vi(p) : K; > 0}, K = Ky + Y00, Ki = Ky + 22 4577 i

Using the two upper bounds on k; above, we obtain K < ky, () <m — #(p)) +

mn

Vr(p) Hmin{svj}' D

Since [37, Theorem 12.1.2] is referred to as the Johnson-Stein-Lovasz Theorem,
we refer to the algorithm described in the proof of Proposition 2.44 as the Johnson-
Stein-Lovész (JSL) algorithm. The upper bound in Proposition 2.44 can be loosened

into the following.
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qmn

Corollary 2.45. For 0 < p < n < m, Kgr(q,m,n,p) < VR(p)<anR(p) + 7+

m>, where 7 is the Euler-Mascheroni constant [50].

Proof. Using (2.8), we obtain K = Z,.ij‘” @ < ‘}I;?Z)%-ZZ‘SQ(’)) i(ﬁn < {}R(p) Hyy ()

The proof is concluded by Hy, () < InVi(p) + v+ m [50]. O

We now refine the upper bound in Proposition 2.44 by providing a nontrivial

refinement of the greedy algorithm in [51].

Lemma 2.46. Let C be a code which covers at least ¢™" — u vectors in GF(¢™)"

with radius p. Then for any k > |C|, there exists a code with cardinality k which

covers at least ¢™" — uy vectors, where ue) = u and for k > |C|

uVe(p) -‘ .

Uk+1 = Uk — ’Vmin{qm” —k, Br(ug, p)}

Thus Kr(q, m,n,p) < min{k : ux = 0}.

Proof. The proof is by induction on k. By hypothesis, C is a code with cardinality
|C| which leaves w¢| vectors uncovered. Suppose there exists a code with cardinality
k which leaves t,, < uy vectors uncovered, and denote the set of uncovered vectors
as T. Let G be a graph where the vertex set is GF(¢™)" and two vertices are
adjacent if and only if their rank distance is at most p. Let A be the adjacency
matrix of G and Ay, be the t; columns of A corresponding to Ty. There are t;,Vg(p)
ones in Ay, distributed across |N(T})| rows, where N(T}) is the neighborhood of Ty.
By construction, N(7}) does not contain any codeword, hence |N(T})| < ¢"™" — k.
Also, by Lemma 2.26, |[N(T})| < Br(tx, p) < Br(ug, p). Thus |[N(T})| < min{q™" —

Lt Vk(p)
min{q™" —k,BR (u,p

k, Br(ug, p)} and there exists a row with at least { )}—‘ ones in Ay.

Adding the vector corresponding to this row to the code, we obtain a code with
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ti VR (p)
min{¢™"—k,Bg (u,p)}

cardinality k£ + 1 which leaves at most #; — { W < ugy1 vectors

uncovered. N

The upper bound in Lemma 2.46 is nontrivial since the sequence {uy} is mono-
tonically decreasing until it reaches 0 for £ < ¢"™". Since the sequence {uy} depends
on C only through the number of vectors covered by C, to obtain a tighter bound on
Kgr(q, m,n, p) based on Lemma 2.46, it is necessary to find a code C which leaves a
smaller number of vectors uncovered. We consider two choices for C below. Since
any codeword can cover at most Vg(p) vectors uncovered by the other codewords,
we have u > ¢™" — Vr(p)|C|. In the first choice, we consider the largest code Cy that
achieves u = ¢"" — Vr(p)|Co|, which is an (n,n — a,a + 1) linear MRD code with
a = min{n, 2p}.

An alternative choice would be to select a supercode of Cy, that is, an MRD code
with a larger dimension. Since there may be intersection between balls of radius p
around codewords, we now derive a lower bound on the number of vectors covered

by only one codeword in an MRD code.

m(n—I+1) _1

Lemma 2.47. Let the vectors c¢; € GF(¢™)" be sorted such that {c;}j_, is an
(n,n—1+1,1) MRD code for 1 <l <mn. Foralll <k <q¢™ —1, we denote {cj};?;é
as Cy and its minimum rank distance is given by dy, = n — [log,m(k+1)] + 1. Then
for di, > 2p+ 1, ¢ covers Vkr(p) vectors not covered by Cy. For dy, < 2p, ¢ covers
at least Vr(p) — D71y, tul(p,1) vectors not covered by Cy, where a = min{n,2p},

g, = min{ M (dy, dy), k}, and p; = min {M(dk, ),k — Zé;{ik Mj} for 1 > dy.

Proof. The case d, > 2p + 1 is straightforward. We assume d;, < 2p henceforth.
We denote the number of codewords in Cj at distance [ (0 < [ < n) from c; as

Ml(k). Since a codeword in Cj at distance [ from cj covers exactly I(p,[) vectors
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also covered by cx, ¢ covers at least Vr(p) — > 2_, Ml(k)f (p,1) vectors that are
not covered by Cg. Since the value of Ml(k) is unknown, we give a lower bound
on the quantity above. Since I(p,1) is a non-increasing function of I, the sequence
{tu} as defined above minimizes the value of Vr(p) — > 1_,; Ml(k)l (p,1) under the
constraints 0 < Ml(k) < M(dy,l) and Y _, Ml(k) = k. Thus, ¢, covers at least

Ve(p) — > g, I (p,1) vectors not covered by C. O

Proposition 2.48. Let a = min{n, 2p}, Ko = ¢, and ug, = ¢""—q¢™ " 'Vx(p).
Consider two sequences {hy} and {u}.}, both of which are upper bounds on the num-

ber of vectors yet to be covered by a code of cardinality k, given by hg, = uj, = uk,

and for k > Ky

hk+1 = hk_/\kJrla

v
Upyy = min{hkﬂ,u;—[ . Via(p) —‘}

min{¢™" — k, Bg(u}, p)}

Then, Kg(q, m,n,p) < min{k : uj, = 0}.

Proof. Let Cy be an (n,n —a,a+ 1) MRD code over GF(¢™). Cy has cardinality Ky
and covers ¢ "~V (p) = ¢"" — ug, vectors in GF(¢™)". By Lemma 2.47, adding
k — Ky codewords of an MRD code which properly contains Cy leads to a code with
cardinality k& which covers at least ¢™" — hy vectors. On the other hand, u} is the
upper bound on the number of vectors yet to be covered by a code of cardinality k
that is obtained recursively either by applying the greedy approach in the proof of
Lemma 2.46 or by adding more codewords based on the MRD codes as described in
the proof of Lemma 2.47. The recursion of ), follows from this construction. Since
this recursion is constructive, there exists a code with cardinality &£ which leaves at

most u), vectors uncovered, and hence Kg(q, m,n, p) < min{k : uj, = 0}. m
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We now construct a new class of covering codes with the rank metric. We

n

assume all the vectors in GF(¢™)" are expanded with respect to a given basis of

GF(¢™) to m x n matrices over GF(q). First, for any positive integer k, we denote
Sy & {0,1,...,k — 1}. For V € GF(¢)™", I C S,, and J C S,, we denote
V(I,J) = (vij)ier,jes, where the indexes are all sorted increasingly. Consider the

code C which consists of all matrices C € GF(¢)™*" with C(S,,S,) = 0 and with

at most n — p nonzero columns.

Proposition 2.49. C has covering radius p and Kg(g,m,n,p) < >0 (%) (¢" " —
1)

n

Proof. First, the cardinality of C is given by the number of vectors in GF(¢™ ")
with Hamming weight at most n — p. It remains to prove that C has rank covering
radius p. Suppose V € GF(q)"™*" has rk(V(S,,S,)) = r (0 < r < p), then there
tk(V(Sp, J)) =
tk(V(I,S,)) =r. For p<i<m-—1,1letl; =V{i},J)V(I,J)"! € GF(¢q)**".
Define U(S,, S,,) = V(S,,S,) and U({i},S,) = LV(L,S,) for all p <i <m — 1.

exist I C S, and J C S, such that |[I| = |J| = rk(V({,J))

All the rows of U are in the row span of V(I,S,), therefore rk(U) = r. Also,
U{i},J) = LV(I,J) = V{i},J) for p < i < m — 1 and hence U(S,,,J) =
V(Sm,J). Thus there exists U € GF(q)"*" such that rk(U) = r, U(S,,S,) =
V(S,,Sn), and U(S,,,J) = V(Sp,, J). We also construct U’ € GF(q)™*" by setting
U (S, J') = V(Sp, J') and U'(S,,, Sp,\J') = U(S,,, Sp\J'), where |J'| = p —r and
JNJ =0. For C=V —-U’, C(S,,5,) = 0 and C(S,,,J U J) = 0. Therefore,
C € C and dg(V,C) = rk(U’) < rk(U) + |J'| = p. O

In order to illustrate the construction in Proposition 2.49, we construct a code

over GF(2%)? with covering radius 2 and cardinality 4. Expanding the codewords

43



CHAPTER 2. PROPERTIES OF RANK METRIC CODES

according to a basis of GF(23) over GF(2), the code is given by

00 0 000 000 000
C=<loool,lo0o0fl.,looo0],]0o0o0f;¢- (2.9)
000 100 010 00 1

It can be shown using brute force verification that Kg(2,3,3,2) > 4, and hence C
is an optimal rank metric covering code.

We give an example below of how to determine a codeword C € C at distance

110
at most p from a given matrix V. Let V.= |1 0 0|, then using the notations
0 11

110
introduced in the proof of Proposition 2.49, we obtain U =U = |1 (0 0| and
010
0 00
henceC=|0 0 0

0 01

2.5.4 Covering properties of linear rank metric codes

Proposition 2.27 yields bounds on the dimension of a linear code with a given rank

covering radius.

Proposition 2.50. An (n, k) linear code over GF(q¢™) with rank covering radius p

satisﬁesn—p—M;M<k§n—p.

Proof. The upper bound was proved as part of the proof of Proposition 2.27. We

mmn

q
Vr(p) "

now prove the lower bound. By the sphere covering bound, we have ¢™* >
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However, by Lemma 2.18 we have Vi(p) < ¢?m+"=P)718:Ke and hence ¢™* >

qmn—p(m—i-n—p)-i-logq K, ) 0

We do not adapt the bounds in Propositions 2.30 and 2.35 as their advantage
over the lower bound in Proposition 2.50 is not significant. Next, we show that
the dimension of a linear code with a given rank covering radius can be determined

under some conditions.

Proposition 2.51. Let C be an (n, k) linear code over GF(q™) (n < m) with rank
covering radius p. Then k =n—p if p € {0,1,n—1,n} or p(n —p) < m+log, K,

or if C is a generalized Gabidulin code or an ELS.

Proof. The cases p € {0,n — 1,n} are straightforward. In all other cases, since

k < n — p by Proposition 2.50, it suffices to prove that £ > n — p. First, suppose
qmn

Vr(1)

g™ < ¢°™, and hence k > n — 2. Second, if p(n — p) < m + log, K, then

p =1, then k satisfies ¢™* > by the sphere covering bound. However, V(1) <
0 < L (p(n—p)—log,K,) <1andk >n—p by Proposition 2.50. Third, if C
is an (n,k,n — k + 1) generalized Gabidulin code with k£ < n, then there exists
an (n,k + 1,n — k) generalized Gabidulin code C" such that C C C’. We have
p > dr(C') = n —k, as noted in Section 2.5.1, and hence k > n — p. The case k =n
is straightforward. Finally, if C is an ELS of dimension k, then for all x with rank

n and for any c € C, dr(x,c) > rk(x) —rk(c) > n — k. O

A similar argument can be used to bound the covering radius of the cartesian

products of generalized Gabidulin codes.

Corollary 2.52. Let G be an (n,k,dr) generalized Gabidulin code (n < m), and
let G' be the code obtained by | cartesian products of G for | > 1. Then the rank

covering radius of G' satisfies p(G') > dgr — 1.
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Note that when n = m, G is a maximal code, and hence Corollary 2.52 can be

further strengthened.

Corollary 2.53. Let G be an (m,k,dr) generalized Gabidulin code over GF(q™),
and let G' be the code obtained by | cartesian products of G. Then p(G') = dr — 1.

2.5.5 Numerical methods

In addition to the above bounds, we use several different numerical methods to
obtain tighter upper bounds for relatively small values of m, n, and p. First, the
JSL algorithm described in the proof of Proposition 2.44 is implemented for small
parameter values. Second, local search algorithms [37] similar to the ones available
for Hamming metric codes are somewhat less complex than the JSL algorithm.
Although the complexity for large parameter values is prohibitive, it is feasible.
Third, we construct linear codes with good covering properties, because linear codes
have lower complexity.

We can verify if a covering radius is achievable by a given code size by brute
force verification, thereby establishing lower bounds on Kg(g,m,n, p). Obviously,

this is practical for only small parameter values.

2.5.6 Tables

In Table 2.1, we provide bounds on Kgr(q,m,n,p), for 2 < m < 7,2 < n < m,
and 1 < p < 6. Obviously, Kr(q,m,n,p) = 1 when p = n. For other sets of
parameters, the tightest lower and upper bounds on Kg(q, m,n,p) are given, and
letters associated with the numbers are used to indicate the tightest bound. The

lower case letters a—f correspond to the lower bounds in Propositions 2.28 and 2.30,
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m|n p=1 p=2 p=3
2|2 d3E 1
312 d4 A 1

3 d11-16 E g4 B 1
4 12 d7-8 A 1

3 d 40-64 A c4-T7TE 1

4 e 293-722 E d 10-48 F a3bD
512 d 12-16 A 1

3 d 154-256 A c6-8 A 1

4 d 2267-4096 A d 33-256 B c4-8 B

5 d 34894-2'" B d 233-2773 C f10-32 G
6 |2 d 23-32 A 1

3 d 601-1024 A c11-16 A 1

4 d 17822-2" A c 124-256 A c 6-16 B

5 d 550395-220 A d 1770-24 B e 31-256 B

6 e 17318410-2%6 B e 27065-401784 C e 214-4092 C
712 d 44-64 A 1

3 d 2372-4096 A c 20-32 A 1

4 d 141231-2'8 A e 484-1024 A b 10-16 A

5| d8735289-2% A d 13835-21° A b 112-1024 B

6 | d 549829402-230 A e 42229-2?2 B b 1585-21 B

7 | d 34901004402-23" B e 13205450-233549482 C b 23979-573590 C
m|n p=4 p=2>5 p=206
515 a 3-6 D 1
6 |5 b 4-16 B 1

6 e 9-154 D a3-7D 1
715 b 6-16 B 1

6 e 29-708 C b 4-16 B 1

7 e 203-5686 C f9-211 D a38D

Table 2.1: Bounds on Kgr(q,m,n,p),for2<m <7,2<n<m,and 1< p<6.
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Corollaries 2.31 and 2.32, and Propositions 2.35 and 2.37 respectively. The lower
case letter g corresponds to lower bounds obtained by brute force verification. The
upper case letters A-D denote the upper bounds in Corollary 2.41 and Proposi-
tions 2.42; 2.48, and 2.49 respectively. The upper case letters E-G correspond to
upper bounds obtained by the JSL algorithm, local search algorithm, and explicit
linear constructions respectively.

In Table 2.2, we provide bounds on the minimum dimension k for ¢ = 2,4 < m <
8,4<n<m,and 2 < p < 6. The unmarked entries correspond to Proposition 2.51.
The lower case letters a and b correspond to the lower bound in Proposition 2.50
and the adaptation of Corollary 2.32 to linear codes respectively. The lower case
letter ¢ corresponds to lower bounds obtained by brute force verification for linear
codes. The upper case letter A corresponds to the upper bound in Proposition 2.50.
The upper case letter B corresponds to upper bounds obtained by explicit linear
constructions.

In Appendix 7.1.4, we present the codes, obtained by the numerical methods in

Section 2.5.5, that achieve the tightest upper bounds in Tables 2.1 and 2.2.

2.5.7 Asymptotic covering properties

Table 2.1 provides solutions to the sphere covering problem for only small values of
m, n, and p. Next, we study the asymptotic covering properties when both block
length and minimum rank distance go to infinity. As in Section 2.3, we consider the
case where lim,, .., = = v, where v is a constant. In other words, these asymptotic
covering properties provide insights on the covering properties of long rank metric
codes over large fields.

The asymptotic form of the bounds in Lemma 2.18 are given in the lemma below.
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mi{n| p=2 p=23 p=4 p=2>5 p=206
4 4] b2A 1 0
514 c2A 1 0
5la23A alB 1 0
6 | 4 2 1 0
5la23A al2A 1 0
6 |a34A a23A al2A 1 0
714 2 1 0
5/a23A al2A 1 0
6|a34A a23A al2A 1 0
7la4bA a34A a23A al2A 1
8 |4 2 1 0
5 3 2 1 0
6 |a34A a23A al2A 1 0
7la45A a34A a23A al2A 1
8lab6A a3bA a24A al3A al2A

Table 2.2: Bounds on k for¢q=2,4<m <8, 4<n<m,and 2 <p<6.

Lemma 2.54. For 0 < § < min{1,v7'}, lim, . [logqmn Vr(g,m,n, Lénj)} =4(1+
v — o).

Proof. By Lemma 2.18, we have ¢/~ < Vi(d) < K 'q%™ =9 Taking the

logarithm, this becomes 0(1 4 v — v0) < log m. Va([0n]) < 6(1 +v —vd) — log, Kq

mn

The proof is concluded by taking the limit when n tends to infinity. ]

Define r & 2 and k(r) = lim, . inf [logqmn KR(q,m,n,p)}. The bounds in

Proposition 2.27 and Corollary 2.45 together solve the asymptotic sphere covering

problem.

Theorem 2.55. For allv andr, k(r) = (1 —7r)(1 —vr).

v

Proof. By Lemma 2.54 the sphere covering bound asymptotically becomes k(r)
qmn

Vr(p)

(1 —r)(1 —wvr). Also, by Corollary 2.45, Kgr(q,m,n,p) < [1+1InVr(p)] <
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—‘31:1(2) [1 +mnlng] and hence log m. Kr(q,m,n, p) < loggmn %_}_O((mn)—l Inmn).
By Lemma 2.54, this asymptotically becomes k(r) < (1 —r)(1 — vr). Note that

although we assume n < m above for convenience, both bounds in Proposition 2.27

and Corollary 2.45 hold for any values of m and n. m
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Chapter 3

MacWilliams Identity for the
Rank Metric

3.1 Introduction

The MacWilliams identity for codes with the Hamming metric [36], which relates
the Hamming weight distribution of a code to the weight distribution of its dual
code, is useful in determining the Hamming weight distribution of codes. This is
because if the dual code has a small number of codewords or equivalence classes
of codewords under some known permutation group, its weight distribution can be
obtained by exhaustive examination. It also leads to other identities for the weight
distribution such as the Pless identities [36,52].

In [12], the counterpart of the MacWilliams identity, which relates the rank
distance enumerator of a code to that of its dual code, was established using asso-
ciation schemes. However, Delsarte’s work lacks an expression of the rank weight

enumerator of the dual code as a functional transformation of the enumerator of the
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code. In [53,54], Grant and Varanasi defined a different rank weight enumerator
and established a functional transformation between the rank weight enumerator of
a code and that of its dual code.

In this chapter we show that, similar to the MacWilliams identity for the Ham-
ming metric, the rank weight distribution of any linear code can be expressed as
a functional transformation of that of its dual code. It is remarkable that our
MacWilliams identity for the rank metric has a similar form to that for the Ham-
ming metric. Similarly, an intermediate result of our proof is that the rank weight
enumerator of the dual of any vector depends on only the rank weight of the vector
and is related to the rank weight enumerator of a maximum rank distance (MRD)
code. We also derive additional identities that relate moments of the rank weight
distribution of a linear code to those of its dual code.

Our work differs from those in [12,53,54] in several aspects:

e We consider a rank weight enumerator different from that in [53, 54], and
solve the original problem of determining the functional transformation of

rank weight enumerators between dual codes as defined by Delsarte.

e Our proof, based on character theory, does not require the use of association

schemes as in [12] or combinatorial arguments as in [53, 54].

e In [12], the MacWilliams identity is given between the rank distance enumer-
ator sequences of two dual array codes using the ¢-Krawtchouk polynomials.
Our identity is equivalent to that in [12] for linear rank metric codes, although
our identity is expressed using different parameters which are shown to be
the ¢g-Krawtchouk polynomials as well. We also present this identity in the

form of a functional transformation (cf. Theorem 3.17). In such a form, the

52



3.2. PRELIMINARIES

MacWilliams identities for both the rank and the Hamming metrics are similar

to each other.

e The functional transformation form allows us to derive further identities (cf.
Section 3.4) between the rank weight distribution of linear dual codes. We
would like to stress that the identities between the moments of the rank dis-
tribution proved here are novel and were not considered in the aforementioned

papers.

We remark that both the matrix form [12,14] and the vector form [13] for rank
metric codes have been considered in the literature. Following [13], in this chapter
the vector form over GF(¢™) is used for rank metric codes although their rank weight
is defined by their corresponding codematrices over GF(q) [13]. The vector form is
chosen in this chapter since our results and their derivations for rank metric codes
can be readily related to their counterparts for Hamming metric codes.

The rest of the chapter is organized as follows. Section 3.2 reviews some nec-
essary background. In Section 3.3, we establish the MacWilliams identity for the
rank metric. We study the moments of the rank distributions of linear codes in

Section 3.4.

3.2 Preliminaries

For all v € GF(¢™)™ with rank weight r, the rank weight function of v is defined
as fa(v) =y"2"". Let C be a code of length n over GF(¢™). Suppose there are A;

codewords in C with rank weight ¢ (0 < ¢ < n). Then the rank weight enumerator
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of C, denoted as Wi (z,y), is defined to be

Wez,y) 3 fulv) =D Agla" ™
=0

vel
Definition 3.1 ( [36]). Let C be the field of complex numbers. Let a € GF(q™)
and let {1,04,...,am_1} be a basis set of GF(q¢™). We thus have a = ag + aja1 +
oot 11, where a; € GF(q) for 0 < i < m — 1. Finally, letting ( € C be a

primitive g-th root of unity, x(a) o ¢* maps GF(q™) to C.

Definition 3.2 (Hadamard transform [36]). For a mapping f from GF(¢™)" to C,
the Hadamard transform of f, denoted as f, is defined to be
o def
f =) xuv)f(w, (3.1)
ueGF(gm)™

where u - v denotes the inner product of u and v.

In order to simplify notations, we shall occasionally denote the vector space
GF(¢™)" as F'. We denote the number of vectors of rank v (0 < u < min{m,n}) in
GF(¢™)" as Ngr(q, m,n,u). We also define 5(m,0) '] and B(m,u) oo | [
for v > 1. These terms are closely related to Gaussian polynomials: G(m,u) =

("] B(u,w) and B(m + u,m +u) = ["7]3(m,m)B(u,u). Finally, o; o @ for

u u

1> 0.

3.3 MacWilliams identity for the rank metric

3.3.1 g¢-product, ¢-transform, and ¢-derivative

In order to express the MacWilliams identity in polynomial form as well as to derive

other identities, we introduce several operations on homogeneous polynomials.
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Let a(z,y;m) = Y i_gai(m)y'a™" and b(z,y;m) = 37 bj(m)y’z>7 be two
homogeneous polynomials in z and y of degrees r and s respectively with coefficients
a;(m) and b;(m) respectively. a;(m) and b;(m) for ¢, j > 0 in turn are real functions

of m, and are assumed to be zero unless otherwise specified.

Definition 3.3 (¢-product). The g-product of a(x,y;m) and b(x,y; m) is defined to
be the homogeneous polynomial of degree (r+s) c(x,y;m) dzefa(a:, y;m)*xb(z,y;m) =
S calm)y e, with u(m) = S0 g as(m)bui(m i)

We shall denote the q-product by % henceforth. For n > 0 the n-th q-power of
a(x,y;m) is defined recursively: a(z,y;m)% =1 and a(z,y;m)™ = a(x, y;m)P—1

a(x,y;m) forn > 1.

We provide some examples to illustrate the concept. It is easy to verify that
Txy =yr, y*r = qyr, yr * r = qyr’, and yr * (¢" — 1)y = (¢™ — q)y*z. Note
that x xy # y*x. It is easy to verify that the ¢-product is neither commutative nor
distributive in general. However, it is commutative and distributive in some special

cases as described below.

Lemma 3.4. Suppose a(z,y;m) = a is a constant independent from m. Then
a(z,y; m)xb(z, y;m) = b(z, y;m)*a(z, y;m) = ab(z, y;m). Also, if degc(z, y;m)] =
degla(z,y;m)], then [a(x,y;m) + c(z,y;m)] * b(x,y;m) = a(z,y;m) * b(x,y; m) +
c(x,y;m)*b(z,y;m), and bz, y; m)*[a(z, y; m)+c(z, y;m)] = b(z, y; m)xa(z, y; m)+

b(z, y;m) = c(x,y;m).

The homogeneous polynomials a;(x, y;m) o [z + (¢™ — 1)y and b(x, y;m) dof

(z —y)! are very important to our derivations below. The following lemma provides

the analytical expressions of a;(x,y; m) and b(x,y; m).
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Lemma 3.5. For ! > 0, we have y! = ¢°yt and 2z = ', Furthermore,
gy
. —_ u l—u
al(x7y7m) ; |:u‘| a(m, U)y z )
gy
bl(.];7y7m) = [u] (_1)uqouyuxl—u'
u=0

Note that a;(z,y;m) is the rank weight enumerator of GF(¢™)". The proof of

Lemma 3.5, which goes by induction on [, is easy and hence omitted.

Definition 3.6. We define the g-transform of a(z,y;m) = Y _,a;(m)y'z"" as the

homogeneous polynomial a(x,y;m) = > ;_, a;(m)yld * zlr=1.

Definition 3.7 (¢-derivative [55]). For g > 2, the g-derivative at x # 0 of a real-

valued function f(x) is defined as

ae [flqr) — f(x)
(¢—Dz

For any real number a, [f(z)+ag(z)]" = fM(z)+ag™(z) for x # 0. For v > 0,

fV ()

we shall denote the v-th g-derivative (with respect to z) of f(z,y) as f*)(z,y). The
0-th g-derivative of f(z,y) is defined to be f(z,y) itself.

Lemma 3.8. For0 < v <1, (")) = B(l,v)2""". The v-th q-derivative of f(x,y) =
S o fiytat s given by fW)(x,y) = S0y fiB(i, v)ylam Y. Also,
af(w,yim) = B v)ar,(,y;m)
bz, ysm) = B )by (z,ym).
The proof of Lemma 3.8, which goes by induction on v, is easy and hence omitted.

Lemma 3.9 (Leibniz rule for the g-derivative). For two homogeneous polynomials

f(z,y) and g(x,y) with degrees r and s respectively, the v-th (v > 0) q-derivative of
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their q-product is given by

v

a0 g o). 62

£, y) * gl p)] ) = [

The proof of Lemma 3.9 is given in Appendix 7.2.1.

The g~ !-derivative is similar to the g-derivative.

Definition 3.10 (¢ '-derivative). For q > 2, the ¢ '-derivative at y # 0 of a

real-valued function g(y) is defined as

(v, 4o 90 y) — 9(y)
0] (¢'=1y

For any real number a, [f(y)+ag(y)|{* = f(y)+agi™ (y) for y # 0. For v > 0,
we shall denote the v-th ¢~'-derivative (with respect to y) of g(z,y) as g} (z,v).

The 0-th ¢~ !-derivative of g(z,y) is defined to be g(z,y) itself.

Lemma 3.11. For 0 < v < [, the v-th ¢~ '-derivative of ' is (y)("} = gr(1—m)+ow
B(l,v)yt=. Also,

al{’/}(x,:%m) = 6([,I/)q_"”a(m,y)al_y(x,y;m—I/)

b @ ysm) = (=1 B )by (3, yim).
The proof of Lemma 3.11 is similar to that of Lemma 3.8 and is hence omitted.

Lemma 3.12 (Leibniz rule for the ¢ !-derivative). For two homogeneous polyno-
mials f(x,y;m) and g(x,y;m) with degrees r and s respectively, the v-th (v > 0)
q~-derivative of their q-product is given by
f (,y;m) 5 g, y;m)]| P = m ¢ fO (s m) + g , ym = 1).
1=0

The proof of Lemma 3.12 is given in Appendix 7.2.2.
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3.3.2 The dual of a vector

As an important step toward our main result, we derive the rank weight enumerator
of (v)*, where v € GF(¢™)" is an arbitrary vector and (v) o {av :a € GF(¢™)}.
Note that (v) can be viewed as an (n,1) linear code over GF(¢™) with a generator
matrix v. It is remarkable that the rank weight enumerator of (v)l depends on only
the rank of v.

Berger [24] has determined that linear isometries for the rank distance are given
by the scalar multiplication by a non-zero element of GF(¢™), and multiplication
on the right by an nonsingular matrix B € GF(q)"*". We say that two codes C and
C' are rank-equivalent if there exists a linear isometry f for the rank distance such

that f(C) = C'.

Lemma 3.13. Suppose v has rank r > 1. Then L = (v)L is rank-equivalent to
C x GF(¢™)"", where C is an (r,r — 1,2) MRD code and x denotes cartesian

product.

Proof. We can express v as v = vB, where v = (vg,...,v,_1,0...,0) hasrank r, and
B € GF(¢)"*" has full rank. Remark that v is the parity-check of C x GF(¢™)" ",
where C = ((vo, ..., v,_1))" is an (r,7 — 1,2) MRD code. It can be easily checked
that u € £ if and only if 1 % uB” € (v)*. Therefore, (v)* = £BT, and hence £

is rank-equivalent to (V)" = C x GF(¢™)"". O

We hence derive the rank weight enumerator of an (r,r — 1,2) MRD code. Note
that the rank weight distribution of linear Class-I MRD codes has been derived
in [12,13]. However, we shall not use the result in [12,13], and instead derive the

rank weight enumerator of an (r,7 — 1,2) MRD code directly.
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Proposition 3.14. Suppose v, € GF(¢™)" has rank r (0 < r < m). The rank

weight enumerator of L, = <V>J_ depends on only r and is given by

WE (@y) = " { e+ (@ = Dy + (@ = D@ —y)1}.

Proof. We first prove that the number of vectors with rank r in £,, denoted as A,.,,

depends only on r and is given by
Ary = q "[a(m,r) + (¢" = 1)(=1)"q"] (3.3)

by induction on r (r > 1). Eq. (3.3) clearly holds for » = 1. Suppose (3.3) holds for
r=17r—1.

We consider all the vectors u = (ug,...,ur_1) € L such that the first 7 — 1
coordinates of u are linearly independent. Remark that u;_; = —v;_ll :.:g W;V;
is completely determined by uq, ..., ur_o. Thus there are Ng(q,m,7 — 1,7 — 1) =
a(m,7 — 1) such vectors u. Among these vectors, we will enumerate the vectors
t whose last coordinate is a linear combination of the first ¥ — 1 coordinates, i.e.,
t = (to,...,tr—2, Ef:_g a;t;) € Ly where a; € GF(q) for 0 <i <7 —2.

Remark that t € £; if and only if (to, ..., ts—2) (Vo+aoVr_1, . - ., Vri_o+ar_oVr_1) =
0. It is easy to check that v(a) = (vo + agvr_1, ..., Vr—o + Gr_2v7_1) has rank 7 — 1.
Therefore, if ao,...,as—o are fixed, then there are Az_;7_; such vectors t. Also,
suppose Z;—:—g tv; + vr_q Zf:_g bit; = 0. Hence Z;—g (a; — b;)t; = 0, which implies
a = b since t;’s are linearly independent. That is, (v(a))" N (v(b))" = {0} if
a # b. We conclude that there are q’_'_lA;_lf_l vectors t. Therefore, A7 =
a(m,7—1) — ¢ Ar 151 = ¢ "[a(m,7) + (¢™ — 1)(—=1)"¢""].

Denote the number of vectors with rank p in £, as A, ,. We have A, , = m App

p.

[13], and hence A,, = [I]¢"[a(m,p) + (¢™ — 1)(—=1)P¢°?]. Thus, WE (z,y) =

P.

oo Arpt" Py = q {2+ (g7 = Dyl + (g™ = D)@ — y)}, 0

29
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We comment that Proposition 3.14 in fact provides the rank weight distribution

of any (r,r — 1,2) MRD code.

Lemma 3.15. Let Co C GF(¢™)" be a linear code with rank weight enumerator
W (x,y), and for s > 0, let W§(z,y) be the rank weight enumerator of C, i

Co X GF(¢™)°. Then W¢(z,y) is given by WE (z,y) = WE (z,y) * [z + (¢™ — 1)y][s].

Proof. For s > 0, denote W& (z,y) = >_008 By uy"a™ 7. We will prove that

; S . .
B, = ZZ:; 4By, Lﬁ B ] alm —i,u—1) (3.4)
by induction on s. Eq. (3.4) clearly holds for s = 0. Now assume (3.4) holds for
s = § — 1. For any x5 = (¢, ...,%r15-1) € Cs, we define x5_1 = (zg,...,Tr152) €
Cs—1. Then rk(x;) = w if and only if either rk(xs_1) = u and z,451 € S(x5-1)

or tk(xs-1) = u—1 and x,15-1 ¢ S(Xs-1). This implies Bs, = ¢“Bs—1, + (¢™ —
QU71)B§—1,U—1 - Z?:() qigBO,i [uiz] a(m - i? u = Z) [
Combining Lemma 3.13, Proposition 3.14, and Lemma 3.15, the rank weight

enumerator of (v)* can be determined at last.

Proposition 3.16. For v € GF(¢™)" with rank r > 0, the rank weight enumerator

of L = (v)" depends on only r, and is given by

Welz.y) =a™ {[m + (" =Dy + (" = D@ =)+ e+ (¢ - 1)y]["7r]} .

3.3.3 MacW.illiams identity for the rank metric

Using the results in Section 3.3.2, we now derive the MacWilliams identity for rank
metric codes. Let C be an (n, k) linear code over GF(¢™), and let Wi(z,y) =
> oo Aiy'a" " be its rank weight enumerator and Wi (z,y) = > Bjy’a" 7 be

the rank weight enumerator of its dual code C*.
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Theorem 3.17. For any (n, k) linear code C and its dual code C*+ over GF(¢™),

WCJ- ([E y) WC (ZL’ + ( 1)y,x - y) ) (35)

€]

where Wk is the q-transform of WE. Equivalently,

ZB]y =g ’”’“ZA =) o+ (g — 1yl (3.6)

Proof. We have rk(Au) = rk(u) for all A € GF(¢™)* and all u € GF(¢™)". We
want to determine fq(v) for all v.€ GF(¢™)". By Definition 3.2, we can split the
summation in (3.1) into two parts:

=S -+ S vu-v) i)

uel ueFrF\L

where £ = (v)©. If u € £, then x(u-v) = 1 by Definition 3.1, and the first
summation is equal to W/ (z,y). For the second summation, we divide vectors into
groups of the form {Au;}, where A € GF(¢™)* and u; - v = 1. We remark that for
u € F\L (see [36, Chapter 5, Lemma 9])

o xOuwv)fw) = fulu) Y x(V) = —fa(w).

AEGF (qm)* AEGF (gm)*

Hence the second summation is equal to —W%lW;?\ c(z,y). This leads to falv) =
Fld"WE (2, y) — Wiz, y)]. Using Wi(z,y) = [z + (¢" — 1)y]"l and Proposi-
tion 3.16, we obtain fr(v) = (z — y)l1 % [z + (¢™ — 1)y]"™ ™", where r = rk(v).

By [36, Chapter 5, Lemma 11], any mapping f from F to C satisfies ) | .. f(Vv) =
ﬁ Y vee f(v). Applying this result to fx(v) and using Definition 3.6, we obtain (3.5)
and (3.6). O

Also, B;’s can be explicitly expressed in terms of A;’s.
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Corollary 3.18. We have

B; = 1l > AiP;(ism,n), (3.7)
where

e[| et s

Proof. We have (x —y) % (2 + (¢™ — 1)y)"~ = > 5o Pj(i;m,n)y/z" 9. The result
follows Theorem 3.17. []

In order to illustrate the result in Corollary 3.18, we introduce a (5,2,4) MRD
code G over GF(2°). It can be shown that its rank weight distribution is given
by A; = 1,0,0,0,961,62, for i« = 0,1,...,5, and according to Corollary 3.18, the
rank weight distribution of its dual code is B; = 1,0, 0, 4805, 17298, 10664 for j =
0,1,...,5.

Note that although the analytical expression in (3.7) is similar to that in [12,
(3.14)], P;(i;m, n) in (3.8) are different from P;(¢) in [12, (A10)] and their alternative

forms in [46]. We can show that
Proposition 3.19. P;(x;m,n) in (3.8) are the q-Krawtchouk polynomials.

The proof is given in Appendix 7.2.3. Proposition 3.19 shows that P;(z;m,n)
n (3.8) are an alternative form for P;(¢) in [12, (A10)], and hence our results in

Corollary 3.18 are equivalent to those in [12, Theorem 3.3]. Also, it was pointed out

in [46] that ggzzg is actually a basic hypergeometric function.

3.4 Moments of the rank distribution

The moments of the Hamming weight distribution of linear codes have been widely

studied [36,52]. However, the moments of the rank distribution of linear codes have
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received little attention. While the identities in the Hamming metric are based
on classical combinatorial functions, such as the binomial coefficient, the identities
in the rank metric are based on g-analogues, i.e. nontrivial extensions, of these
functions. Thus, we not only determine the counterparts in the rank metric of the
Hamming metric identities, but we also introduce a wider variety of moments and
derive further equalities relating either a moment of a code and that of its dual or

different moments of the same code.

3.4.1 Binomial moments of the rank distribution

In this section, we investigate the relationship between moments of the rank distri-
bution of a linear code and those of its dual code. Our results parallel those in [36, p.

131].

Proposition 3.20. For 0 <v <mn,
Y {” - 1 A; = g {” N ]} B;. (3.9)
X v - n—v
=0 7=0

Proof. First, applying Theorem 3.17 to C*, we obtain
Z Agyiant = gmikn) Z Bjbj(x,y;m) * an_;(z,y;m). (3.10)
i=0 §=0

Next, we apply the g-derivative with respect to z to (3.10) v times. By Lemma 3.8
the left hand side (LHS) becomes > 7~ 3(n—i,v)A;y'z" """, while the RHS reduces
to g™k > =0 Bj¥j(x,y) by Lemma 3.9, where

Gi(z,y) L b,y m)  an_j(z,y;m)] )

Ul == v—I
= Mq( VG060 (2, y) + aly ) (, ym).
=0
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By Lemma 3.8, bg-l)(x,y;m) = B(j,1)(x — »)V~! and agijl)(x,y;m) = fB(n—j,v—
Dan—j—yri(x, y;m). It can be verified that for any homogeneous polynomial b(x, y; m)
and for any s > 0, (bxa,)(1,1;m) = ¢™*b(1, 1;m). Also, for x =y =1, bg“(l, I;m) =
B(7,7)0;,. We hence have 1;(1,1) = 0 for j > v, and ¢;(1,1) = mﬁ(j,j)ﬁ(n —
j,v — j)qm(”_”) for j < v. Since B(n — j,v — j) = [’;:ﬂﬁ(y — j,v — j) and
Blv,v) = 5180 5)8(v—j.v—7), ¥;(1,1) = [[ 2] B(v,v)g™ ). Applyingz =y =1
to the LHS and rearranging both sides using f(n — i,v) = [”;i]ﬁ(u, v), we ob-

tain (3.9). O

For example, for the code G introduced above, both sides of (3.9) are given by
1024, 992, 155, 155,31, 1 for v = 0,1, ..., 5.
Proposition 3.20 can be simplified if v is less than the minimum distance of the

dual code.

Corollary 3.21. Let dy be the minimum rank distance of C+. If 0 < v < dj, then

g {" N 1 A; = gt m (3.11)

1=0

Proof. We have By=1and By =...= B, =0. ]

For the code G, we have di = 3 and both sides of (3.11) are given by 1024, 992, 155
for v =0,1,2.

Using the ¢~ !-derivative, we obtain another identity.

Proposition 3.22. For 0 <v <mn,

n

i V(n—i)A‘: m(k—v) - n_j _1j oj o o j(V_j)BA 3.12
ZHQ i=q ;n_y( Va7 a(m —j,v —j)q jo (3.12)

i=v
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The proof of Proposition 3.22 is similar to that of Proposition 3.20, and is given
in Appendix 7.2.4.

For the code G, both sides of (3.12) are given by 1024, 30752, 144150, 124930,
17298, 62 for v =0,1,...,5.

Following [36], we refer to the LHS of (3.9) and (3.12) as binomial moments
of the rank distribution of C. Similarly, when either v is less than the minimum
distance dy of the dual code, or v is greater than the diameter (maximum distance

between any two codewords) d;, of the dual code, Proposition 3.22 can be simplified.

Corollary 3.23. If 0 < v < dy, then

1 - n
izy 1/} ¢’V A; = gmE) [1/] a(m,v). (3.13)
For 0, <v <n,
g {” a Z} (=Dq%a(m —i,v —i)g"» "9 4; = 0. (3.14)
—~|n—-v
Proof. Apply Proposition 3.22 to C, and use By = ... = B, = 0 to prove (3.13).
Apply Proposition 3.22 to C*, and use B, = ... = B,, = 0 to prove (3.14). O

For the code G, both sides of (3.13) are given by 1024, 30752, 144150 for v =
0,1,2. We remark that for G, o, = n, and (3.14) cannot be applied.

3.4.2 Pless identities for the rank distribution

In this section, we consider the analogues of the Pless identities [36,52], in terms of
Stirling numbers. The ¢-Stirling numbers of the second kind S, (v, 1) are defined [56]

to be

(00 575 lo o]

1=
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and they satisfy
O
H =3 478, )B(m, D). (3.15)
1=0
The following proposition can be viewed as a g-analogue of the Pless identity

with respect to x [52, Ps).

Proposition 3.24. For 0 <v <mn,

gk é {” 1— Z] Z B; Z {Z :ﬂ B(1,1)S, (v, g™ (3.16)

=0

Proof. We have
" n—il" i v n
Z[l}Ai:ZA lsyz{l] (1,1) (3.17)
i=0 =0 1=0
_ anlﬁll v, 1) [”Z_Z}Ai
1=0

l .
oy m n—yj
— E:q B(1,1)S, (v, 1) g™ "~ ”Ej{n_JBj (3.18)

=0
= [ s s e
‘ J n—1 ; ANE) )
j=0 =0
where (3.17) follows (3.15) and (3.18) is due to Proposition 3.20. O

For the code G, both sides of (3.16), once multiplied by ¢™* = 219 are given by
1024, 992, 1922, 30752, 924482, 28630112 for v = 0,1,...,5.
Proposition 3.24 can be simplified when v is less than the minimum distance of

the dual code.

Corollary 3.25. For 0 < v < dj,

g™ é {” - ; B(n, 1)S, (v, [)g ™+ (3.19)
— g Z:; {” . Z] ’ m a(m,i). (3.20)
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Proof. Since By = 1 and By = --- = B, = 0, (3.16) directly leads to (3.19). Since
the right hand side of (3.19) is transparent to the code, without loss of generality
we choose C = GF(¢™)™ and (3.20) follows naturally. O

Unfortunately, a g-analogue of the Pless identity with respect to y [52, P1] cannot
be obtained due to the presence of the ¢"(»% term in the LHS of (3.12). Instead,

I and define the functions a,(m,u),

we derive its ¢~ '-analogue. We denote p dof q-
mp, Bp(m,u) similarly to the functions introduced in Section 3.2, only replacing

q by p. It is easy to relate these ¢ !-functions to their counterparts: a(m,u) =
p~ " (—=1) " ay(m, w), m = puln—v) mp, and G(m,u) = p_"(m_“)_”"ﬁp(m, u).

Proposition 3.26. For 0 <v <mn,

N IR SE e S R el P R A

n—I
For the code G, both sides of the identity in Proposition 3.26 are given by
1,1.8770, 3.5266, 6.6266, 12.4524, 23.4016 for v = 0,1,...,5.

The proof of Proposition 3.26 is given in Appendix 7.2.5.

Corollary 3.27. For 0 < v < dj,

Pk z; mpA,- = ;@(n, 1)S, (v, Day,(m, 1)(—1)".

Proof. Note that By =1and By =... =B, =0. O

3.4.3 Further results on the rank distribution

For nonnegative integers A, u, and v, and a linear code C with rank weight distri-

bution {A;} we define
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whose properties are studied below. We refer to

TO,O,z/(C) d:ef quk Z ql/(nfi)Ai (3'21)
1=0

as the v-th g-moment of the rank distribution of C. We remark that for any code
C, the 0-th order ¢g-moment of its rank distribution is equal to 1. We first relate
T)\,l,u(c) and TL#J’(C> to T070,1,(C>.

Lemma 3.28. For nonnegative integers A\, p, and v we have

B0 = oy 2 )V @) 62)
Ti@) = =03 (1) (16 Taanma(©), (323)

The proof of Lemma 3.28 is given in Appendix 7.2.6. We now consider the case

where v is less than the minimum distance of the dual code.

Proposition 3.29. For 0 <v < dy,

",1 aln, )™ (3.24)

Tron(C) = [
0 J

j=

- (3
=0

v

=0

The proof of Proposition 3.29 is given in Appendix 7.2.7.

For the code G, Ty ,,(G) and the RHS of (3.24)-(3.26), once multiplied by ¢™* =
210 "are given by 1024, 2016, 4930 for v = 0,1, 2.

Proposition 3.29 hence shows that the v-th ¢-moment of the rank distribution
of a code is transparent to the code when v < di. As a corollary, we show that

Ty1,(C) and T; ,,,(C) are also transparent to the code when 0 < A\, u < v < dj.
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Corollary 3.30. For 0 < A\, u <v <dy,

Ty1,(C) = q—m”mzn:{7_ﬂq”<n—“a(m,z’) (3.27)

; T — A
i=A
T ,.,(C) = —mnjfj i pn-n [ alm, i) (3.28)
1,p,v = q - 1 q i , ). .
Proof. By Lemma 3.28 and Proposition 3.29, Ty 1,(C) and T} ,,(C) are transparent
to the code. Thus, without loss of generality we assume C = GF(¢™)" and (3.27)
and (3.28) follow. O

For the code G, the values of T}, ,, ,(G) and their respective counterparts in (3.27)
and (3.28), once multiplied by 2'° are given by Tp1:(G9) = T101(G) = 2016,
T111(G) = 30752, T12(G) = Ti02(G) = 4930, T112(G) = 59582, T512(G) =
144150, T 5.5(G) = 924482.

3.4.4 Rank weight distribution of MRD codes

The rank weight distribution of linear Class-I MRD codes was given in [12, 13].
Based on our results in Section 3.4.1, we provide an alternative derivation of the
rank distribution of linear Class-I MRD codes, which can also be used to determine

the rank weight distribution of Class-II MRD codes.

Proposition 3.31 (Rank distribution of linear Class-I MRD codes). Let C be an
(n,k,dg) linear Class-I MRD code over GF(¢™) (n < m), and let Wi(z,y) =
Sor o Aiyta™ ™ be its rank weight enumerator. We then have Ag = 1 and for 0 < i <

n—dR,

n |« i o [dr i .
Adgyi = > (—1)i g7 mUH) 1)
e LR+Jj(f S LR+J(Q )
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Proof. It can be shown that for two sequences of real numbers {a;}_, and {b;}/_,

such that a; = LO [zl:ﬂ b; for 0 < j <, we have b; = Z;ZO(—l)i*jq"i*j [ll:ﬂ a; for
0<e <.
By Corollary 3.21, we have >7_, [Z:gg:;] Agpri = [nfc’l;fj] (g™t —1) for 0 <

Jj < n —dgr. Applying the result above to | = n — dg, a; = [n_gR_j} (qm(jﬂ) — 1),

and b; = Agy, i, we obtain Ay, = Z;zo(—l)i_jq"i—f [an'f'i] [jﬁiﬂ’] (quH) — 1) . O

We remark that the above rank distribution is consistent with that derived in
[12,13]. Since Class-II MRD codes can be constructed by transposing linear Class-I
MRD codes and the transposition operation preserves the rank weight, the weight

distributions Class-II MRD codes can be obtained accordingly.
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Chapter 4

Constant-Rank Codes

4.1 Introduction

Error control for noncoherent random linear network coding was first considered
in [9]'. Motivated by the property that random linear network coding is vector-
space preserving, an operator channel that captures the essence of the noncoherent
transmission model was defined in [9]. Similar to codes defined in complex Grass-
mannians for noncoherent multiple-antenna channels, codes defined in Grassmanni-
ans over a finite field [58,59] and used with the subspace distance (cf. [9, (3)]) play a
significant role in error control for noncoherent random linear network coding; Un-
der the subspace distance, the weight of a subspace is simply its dimension; thus, we
refer to these codes as constant-dimension codes (CDCs) henceforth. The standard
advocated approach to random linear network coding (see, e.g., [60]) involves trans-
mission of packet headers used to record the particular linear combination of the

components of the message present in each received packet. From coding theoretic

LA related work [57] considers security issues in noncoherent random linear network coding.
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perspective, the set of subspaces generated by the standard approach may be viewed
as a suboptimal CDC with minimum subspace distance 2 in the Grassmannian,
because the Grassmannian contains more spaces with minimum subspace distance
2 than those obtained by the standard approach [9]. Hence, studying random lin-
ear network coding from coding theoretic perspective results in better error control

schemes.

General studies of subspace metric codes (also referred to as codes in projective
space or projective geometry) started only recently (see, for example, [61,62]). On
the other hand, there is a steady stream of works that focuses on codes in the Grass-
mannian. For example, Delsarte [58] proved that the Grassmannian endowed with
the subspace distance forms an association scheme, and derived its parameters. The
nonexistence of perfect codes in the Grassmannian was proved in [59,63]. In [64],
it was shown that Steiner structures yield diameter-perfect codes in the Grassman-
nian; properties and constructions of these structures were studied in [65]; in [66],
it was shown that Steiner structures result in optimal CDCs. Related work on cer-
tain intersecting families and on byte-correcting codes can be found in [67] and [68],
respectively. An application of codes in the Grassmanian to linear authentication
schemes was considered in [69]. In [9], a Singleton bound for CDCs and a family
of codes that are nearly Singleton-bound achieving are proposed, and a recursive
construction of CDCs which outperform the codes in [9] was given in [70]. Despite
the asymptotic optimality of the Singleton bound and the codes proposed in [9],
both are not optimal in finite cases: upper bounds tighter than the Singleton bound
exist and can be achieved in some special cases [66]. It is yet to be determined
the maximal cardinality of a CDC with finite dimension and minimum distance,

and it is not clear how to construct the optimal code (or codes) that achieves the
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maximal cardinality.

In this chapter, we introduce a novel approach to solving the two aforementioned
problems. Namely, we aim to solve these problems via rank metric codes, in particu-
lar, constant-rank codes (CRCs), which are the counterparts in rank metric codes of
constant Hamming weight codes. There are several reasons for our approach. First,
it is difficult to answer the two questions based on CDCs directly since the projec-
tive space lacks a natural group structure [10]. Second, the rank metric is similar
to the Hamming metric and hence familiar results from the Hamming space can be
readily adapted. Furthermore, there are extensive works on rank metric codes in
the literature. Finally, the rank metric has been shown relevant to error control for

both noncoherent [10] and coherent [11] random linear network coding.

Based on our approach, this chapter makes two main contributions. Our first
main contribution is that we establish a connection between CRCs and CDCs. Via
this connection, we show that optimal CDCs correspond to optimal CRCs over suf-
ficiently large extension fields. This connection converts the aforementioned open
research problems about CDCs into research problems about CRCs, thereby al-
lowing us to use rich results in rank metric codes to tackle such problems. Since
constant-rank codes have received little attention in the literature, our second main
contribution is our investigation of the properties of CRCs. In particular, we derive
upper and lower bounds on the maximum cardinality of a CRC, propose explicit
constructions of optimal or asymptotically optimal CRCs, and establish asymptotic

bounds on the maximum rate of CRCs.

In a communication channel using an error-correcting code, if more errors occur
than can be corrected by the code, then either the decoder returns a failure or

it decodes the message into a wrong codeword. The latter case, referred to as a
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decoder error, is often more detrimental than a failure, and hence the decoder error
probability (DEP) hence is a crucial parameter for code design. This holds especially
for random linear network coding, where a codeword consists of several packets.
Since liftings of Gabidulin codes are nearly optimal CDCs [9] and a generalized
rank metric decoder aimed at correcting the errors occurring on the network is
proposed in [10], error control in random linear network coding using CDCs can
be turned into a rank metric problem [10], and the errors occurring in the network

result into additive rank errors.

We now introduce and motivate our choice of additive rank error models and
their significance to error correction in random linear network coding. We consider
the case of an adversary who injects linearly independent packets maliciously on the
network using two strategies. In the first strategy, the adversary injects a number
of packets chosen at random with equal probabilities. The packets undergo linear
combinations through the network, and result into an additive error whose rank
depends on the number of packets injected. Hence our first error model assumes
that all additive errors with the same rank are equiprobable. The second and more
general strategy assumes the adversary has some knowledge on and takes advantage
of the data transmitted or the protocol used. Hence the adversary may choose to
inject some packets which corrupt the messages more efficiently than others [11]. Due
to the vector-space preserving property of linear network coding, the row space of
the erroneous packets remains unchanged through the linear combinations operated
at different nodes. Hence, the additive error can take any value provided its row
space is fixed. This leads to our second model of additive rank errors, where all
errors with the same row space are equiprobable. Finally, because of the properties

of the rank metric, we also consider channels where errors with the same column
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space are equiprobable.

The second contribution of this chapter is the investigation of the DEP of rank
metric codes using a bounded rank distance decoder in Section 4.5. We derive
asymptotically tight upper bounds on the DEP of rank metric codes used over an
equal row or an equal column space channel. We also determine the exact DEP of

MRD codes used over an equal row space channel.

Our work in this chapter differs from the error performance analysis of rank
metric codes in [22] in several aspects, and is an extension of our previous work
[29]. The error performance analysis in [22] was aimed at crisscross errors and
as such, assumes different channel models and considers decoder errors and decoder
failures together. Our previous work [29] derived upper bounds on bounded distance
decoders for Gabidulin codes over the rank symmetric channel, and our results in
this chapter are more general in terms of both the channel model and underlying

codes.

Our results may also be seen as a nontrivial extension of the error performance
of Hamming metric codes and maximum distance separable (MDS) codes in partic-
ular in [71-73]. In [71], an upper bound on the DEP of bounded Hamming distance
decoders for Reed-Solomon codes (in fact, of any linear MDS code) was derived for
a channel where all errors with the same Hamming weight are equiprobable. This
work was refined in [72], where the exact DEP of linear MDS codes was determined
over the same channel. In [73], the results in [71] were extended to more general
channels and to any linear code. More precisely, [73] introduces error-value symmet-
ric channels, where all errors with the same support are equiprobable, thus taking
bursty channels into account. While our previous work in [29] parallels the work

in [71], our analytical expression of the DEP of bounded distance decoders for MRD
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codes over the rank symmetric channel parallels the work in [72]. However, our
approach to derive our results for MRD codes is significantly different from the one
used in [72]. The equal row (or column) space channel we considered can also be
viewed as counterparts of the error-value symmetric channels in [73], and hence our
results for arbitrary rank metric codes over the equal row (or column) space channel
parallel the results in [73].

The rest of the chapter is organized as follows. Section 4.2 reviews some necessary
background. In Section 4.3, we determine the connection between optimal CRCs
and optimal CDCs. In Section 4.4, we study the maximum cardinality of CRCs,
and we present our results on the asymptotic behavior of the maximum rate of a
CRC. We finally study the DEP of rank metric codes using a bounded rank distance

decoder in Section 4.5.

4.2 Subspace codes and CDCs

We refer to the set of all subspaces of GF(¢)" with dimension r as the Grassmannian
of dimension r and denote it as E,(¢q,n) where |E,(g,n)| = [*]; we refer to E(g,n) =
U:_, E-(¢g,n) as the projective space. We remark that these notations are consistant

with the ones introduced in Chapter 2 for ELSs. For U,V € E(q,n), both the

subspace metric [9, (3)] ds(U, V) oo dim(U+V)—dim(UNV') and injection metric [11,
Def. 1]

di(U,V) = %ds(U, V) + %| dim(U) — dim(V)] (4.1)

= max{dim(U),dim(V)} — dim(U NV) (4.2)

= dim(U 4+ V) — min{dim(U), dim(V)} (4.3)
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are metrics over F(q,n). For all U,V € E(q,n),
1

and dy(U,V) = 3ds(U, V) if and only if dim(U) = dim(V), and di(U, V') = ds(U, V)
if and only if U C V or V. C U. A subspace code is a nonempty subset of E(q,n).
The minimum subspace (respectively, injection) distance of a subspace code, is the
minimum distance over all pairs of distinct codewords.

The Grassmannian F,(q,n) endowed with both the subspace metric and the
injection metric forms an association scheme [9,58]. Since ds(U,V) = 24;(U,V)
for all U,V € E,.(¢,n) and the injection distance provides a more natural distance
spectrum, i.e., 0 < dy(U, V) < rforall U,V € E,(q,n), we only consider the injection
metric for the Grassmannian and CDCs. We denote the number of subspaces in
E.(¢q,n) at distance d from a given subspace as Ne(d) = ¢% C11727] 9], and a

ball in E,(g,n) of radius ¢t around a subspace U and its volume as B,(U) and
Vo(t) = >0 _, Ne(d), respectively.

A subset of E,.(g,n) is called a constant-dimension code (CDC). A CDC is
thus a subspace code whose codewords have the same dimension. We denote
the maximum cardinality of a CDC in E,.(¢,n) with minimum distance d as
Ac(g,n,r,d). Constructions of CDCs and bounds on Ac(q,n,r,d) have been given
in [9,62,66,70,74]. In particular, Ac(q,n,r,1) = m and it is shown [66,70] for

rﬁ\_gj and 2 < d <,

n(r—d+1) _ q(r—i—l)(r—d-i—l) [
< AC(q7 n,r, d) < —

qT‘(T*d‘i’l) -1

q

(4.5)

where | =n mod r. We denote the LHS of (4.5) as L(¢,n,r,d) and we refer to the

class of codes with cardinality L(q,n,r,d) introduced in [70] as Skachek codes.
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CDCs are related to rank metric codes through the lifting operation [10]. The
row space and the column space of a matrix C are denoted as R(C) and C(C),
respectively. The lifting of C € GF(q)"*™™") is defined as I(C) = R(L,|C) €
E,.(g,n). For all C,D € GF(¢q)™*™ ™), we have di(I(C),I(D)) = dgr(C,D) [10]. A
KK code in E,(g,n) with minimum injection distance d is the lifting I(C) C E,.(¢,n)
of an MRD code C C GF(q)"™*™™" with minimum rank distance d. An efficient

bounded subspace distance decoding algorithm for KK codes was also given in [9].

4.3 Connection between constant-dimension codes
and constant-rank codes

In this section, we first establish some connections between the rank metric and

the injection metric. We then define constant-rank codes and we show how optimal
constant-rank codes can be used to construct optimal CDCs.

Let us denote the row span and the column span of X € GF(q)™*™ over GF(q)

as R(X) and C(X), respectively. The notations introduced above are naturally
def

extended to codes as follows: for C C GF(¢)™*", C(C) = {C(C) : C € C} and
R(C) ¥ {R(C):CeC).

Lemma 4.1. For U € E,.(q,m), V € E.(¢,n), and X € GF(q)™" with rank r,
C(X) = U and R(X) =V if and only if X = GTH, where G € GF(¢)™™ is a

generator matriz of U and H € GF(q)"™" is a generator matriz of V.

The proof of Lemma 4.1 is straightforward and hence omitted. We remark
that X = GTH is referred to as a rank factorization [75]. We now derive a relation

between the rank distance between two matrices and the injection distances between
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their respective row and column spans.

Theorem 4.2. For all X, Y € GF(q)™"",
di(R(X), R(Y)) + di(C(X), C(Y)) — [rk(X) — rk(Y)]
S dR(X7 Y)
< min{d;(R(X), R(Y)), di(C(X),C(Y))} + min{rk(X), rk(Y)}.
Proof. By Lemma 4.1, we have X = C"R and Y = D”'S, where C € GF(q)™X)>xm
R € GF(q)*®)*n D ¢ GF(q)™*¥)*m § € GF(¢)™Y)*" are generator matrices of
C(X), R(X), C(Y), and R(Y), respectively.
Hence X —Y = (CT| — DT)(R”|ST)T. By [76, 0.4.5 (c)], we have

rk(CT|DT)+rk(RT|ST) —1k(X) —1k(Y) < 1k(X—Y) < min{rk(C”|D”), rk(R”|ST)}.

Since rk(CT|D?) = d;(C(X), C(Y))+min{rk(X), rk(Y)} and similarly rk(R”|ST) =
di(R(X), R(Y)) + min{rk(X), rk(Y)}, we obtain the claim. O

A constant-rank code (CRC) of constant-rank r in GF(q)™*™ is a nonempty
subset of GF(q)™*™ such that all elements have rank r. Proposition 4.3 below
shows how a CRC leads to two CDCs with their minimum injection distance related

to the minimum rank distance of the CRC.

Proposition 4.3. Let C be a CRC of constant-rank r and minimum distance dg in
GF(q)™ ™. Then R(C) C E,(q,n) and C(C) C E,(q,m) have minimum distances at

least dg — .

The proof of Proposition 4.3 follows Theorem 4.2 and is hence omitted. When the
minimum rank distance of a CRC is no less than its constant-rank, Proposition 4.4
below shows how the CRC leads to two CDCs with the same cardinality, and the

relations between their distances can be further strengthened.
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Proposition 4.4. If C is a CRC of constant-rank r and minimum distance d +
r (2 <d < r)in GF(q)"™*", then R(C) C E.(¢g,n) and C(C) C E.(q¢,m) have
cardinality |C| and their minimum distances satisfy dy(C(C)) + di(R(C)) < d+r <
min{dy(C(C)), di(R(C))} +r.

Proof. Let X and Y be any two distinct codewords in C. By Theorem 4.2, we
have di(R(X),R(Y)) > dr(X,Y) —7 > d > 0, and hence di(R(C)) > d and
|R(C)| = [C|. Similarly, di(C(X),C(Y)) > d > 0, and thus di(C(C)) > d and
iC
di(C(X), C(Y)) + di(R(X), R(Y)) = di(C(C)) + di(R(C)). O

(
(C)] = |C|. Furthermore, if dgr(X,Y) = d + r, then by Theorem 4.2, d +r >

mxn

Using Lemma 4.1, we can construct CRCs in GF(q) from a pair of CDCs in

E(q,n) and E(q, m), respectively.

Proposition 4.5. Let M be a CDC in E.(q,m) and N be a CDC in E,.(q,n) such
that |M| = |N|. Then there exists a CRC C C GF(q)™*™ with constant-rank r and
cardinality |[M| satisfying C(C) = M and R(C) = N. Furthermore, its minimum
distance dg satisfies dy(N') + dy(M) < dr < min{di(N), di(M)} +r.

Proof. Denote the generator matrices of the component subspaces of M and N as
G, and H;, respectively and define the code C formed by the codewords X; = GI' H;
for 0 <i <|M|—1. Then C(C) = M and R(C) = N by Lemma 4.1 and the lower
bound on dg follows Theorem 4.2. Let X; and X; be distinct codewords in C such
that di(C(X;),C(X;)) = di(M). By Theorem 4.2, we obtain dg < dr(X;,X;) <
di(M) + r. Similarly, we also obtain dr < di(N) + 7. O

We denote the maximum cardinality of a CRC in GF(¢)™*" with constant-rank

r and minimum distance d as Agr(q,m,n,d,r). If C is a CRC in GF(¢)"™*" with
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constant-rank 7, then its transpose code CT forms a CRC in GF(q)™*™ with the same
constant-rank, minimum distance, and cardinality. Therefore Agr(q,m,n,d,r) =
Agr(q,n,m,d,r), and henceforth in this chapter we assume n < m without loss of
generality. We further observe that Agr(q,m,n,d,r) is a non-decreasing function
of m and n, and a non-increasing function of d, and that Ac(g,n,r,d) is a non-

decreasing function of n and a non-increasing function of d.
Proposition 4.6. Forallqg, 2<d<r<n<m, and any 0 <p<r,

min{Ac(q,n,r,d +p), Ac(q, m,r,7 — p)} < Ar(g,m,n,d+r,r) < Ac(q,n, 7, d).
(4.6)

Proof. Using the monotone properties of Ag(q, m,n,dgr,r) and Ac(g,n,r,d) above,
the upper bound follows Proposition 4.4, while the lower bound follows Proposi-

tion 4.5 for dj(M) =r —p and di(N) = d + p. O

We remark that the lower bound in (4.6) is trivial for d + p > min{r,n — r}
or r —p > min{r,m — r}. Therefore, the lower bound in (4.6) is nontrivial when
max{0,2r —m} <p <min{r —d,n —r — d}.

Combining the bounds in (4.6), we obtain that the cardinalities of optimal CRCs
over sufficiently large fields are equal to the cardinalities of CDCs with related
distances. Furthermore, we show that optimal CDCs can be constructed from such

optimal CRCs.

Theorem 4.7. For all ¢, 2r < n < m, and 1 < d < r, Ar(¢,m,n,d +r,r) =
Ac(q,n,r,d) if either d = r or m > mgy, where mg = (n —r)(r —d+ 1) +r +
L. Furthermore, if C is an optimal CRC in GF(q)"™*"™ with constant-rank r and

minimum distance d + 1 for m > mg or d = r, then R(C) is an optimal CDC in

E.(q,n) with minimum distance d.
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Proof. First, the case where d = r directly follows (4.6) for p = 0. Second, if d < r
and m > my, by (4.5) we obtain Ac(q, m,r,r) > ¢™ " > ¢™". Also, by [29, Lemma
1], we obtain ¢"" =41 < a(r,r—d+1) < ¢’V forall 2 < d < r, and hence (4.5)
yields Ac(q,n,r,d) < ¢nn=d+D+1 — gmo—r < A«(q,m,r,r). Thus, when p = 0,
the lower bound in (4.6) simplifies to Ar(q, m,n,d+r,7) > Ac(q,n,r,d). Combining
with the upper bound in (4.6), we obtain Ag(q, m,n,d+r,r) = Ac(q,n,r,d).

The second claim immediately follows Proposition 4.4. O]

Theorem 4.7 implies that to determine Ac(q,n,r,d) and to construct optimal
CDCs, it is sufficient to determine Ag(q, m,n,d + r,r) and to construct optimal
CRCs over an extension field sufficiently large. We observe that this implies that
Agr(q, m,n,d+r,r) remains constant for all m > mg. When d = r, Agr(q, m,n,2r,r)
remains constant for m > n. Whend =1, mg = (n—r+1)r+1, but Ag(q, m,n,r+

1,7) remains constant for m > n, and this is shown in Section 4.4.2.

4.4 Constant-rank codes

Having proved that optimal CRCs over sufficiently large extension fields lead to

optimal CDCs, in this section we investigate the properties of CRCs.

4.4.1 Bounds

We now derive bounds on the maximum cardinality of CRCs. We first remark that
the bounds on Ag(gq,m,n,d,r) derived in Section 4.3 can be used in this section.
Also, since Ar(q, m,n,1,7) = Nr(q,m,n,r) and Ar(q,m,n,d,r) =1 for d > 2r, we

shall assume 2 < d < 2r henceforth.
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We first derive the counterparts of the Gilbert and the Hamming bounds for

CRCs in terms of intersections of spheres with rank radii.

Proposition 4.8. For all ¢, 1 <r,d <n <m, and t 2 ExdF

NR((L m,n, T)
Zf:_ol JR(Q; m,n, ?:7 r, T)

< < i
> AR(Q; m,n, d7 T) = lglsléln {

NR(q,m,n, S) }
ZZ:O Jr(q,m,n,i,s,r) '

Proof. The proof of the lower bound is straightforward and hence omitted. Let
C = {ci}1=, be a CRC with constant-rank 7 and minimum distance d in GF(g)™*".
Forall0 <k < K—1and 0 < s < n—1, if we denote the set of matrices in GF(q)™*"
with rank s and distance < ¢ from ¢ as Ry, then |Ry | = >r_, Ja(i,s,r) for all
k. Clearly Ry s N Ry s = () for all k # [, and hence Ng(s) > |U£(:_O1 Ry | = K|Rg |,

which yields the upper bound. O

We now derive upper bounds on Ag(q,m,n,d,r). We begin by proving the
counterpart in rank metric codes of a well-known bound on constant-weight codes
proved by Johnson in [77].

Proposition 4.9. Forallg, 1 <r,d <n <m, Ar(qg,m,n,d,r) < %AR((], m,n—

1,d,r).

Proof. Note that the row span of any matrix X € GF(¢)"™*" with rank r is a

n—r

"] subspaces in E,_1(g,n).

subspace of [
Let C be an optimal CRC in GF(q)™*™ with constant-rank r and minimum
distance d. Forall C € Cand allV € E,,_1(q,n), we define f(V,C) =1if R(C) C V

and f(V,C) = 0 otherwise. For all C, 3 ycp  (,n f(V.C) = ["7"], and for all V,

1
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Y cee f(V.C) =[{C € C: R(C) C V}|. Summing over all possible pairs, we obtain

> Y rv,c) = ) [{CeC:R(C)CV}

VeE,_1(¢g,n) CeC VeEnL_1(g,n)

o> fvo) = {nIT]AR(q,m,n,d,r).

CECVEE, 1(gn)

Hence there exists U € E, 1(q,n) which satisfies |{C € C : R(C) C U}| >
[nﬁb]r] Ar(q,m,n,d,r). All the codewords C; with R(C;) C U can be expressed
as C; = GTH;U, where H; € GF(¢)"™™ Y and U € GF(¢q)""Y*" is a genera-

tor matrix of U. Therefore, the code {GI'H;} forms a CRC in GF(¢)™*"! with

constant-rank 7, minimum distance d, and cardinality [{C € C' : R(C) C U}|, and

hence ©-=L Ag(¢q,m,n,d,r) < |{C € C: R(C) CU}| < Ar(q,m,n —1,d,r). O

q"—1

The Singleton bound for rank metric codes yields upper bounds on Ag(q, m,n,d, ).
For any I C {0,1,...,n}, let Ag(q,m,n,d,I) denote the maximum cardinality of
a code in GF(¢)™*" with minimum rank distance d such that all codewords have
ranks belonging to I. Then Ag(q, m,n,d,r) < ¢™"=41) — Ag(q,m,n,d, P,), where
pY {i - 0<i<mn,i—rl>d}. Wenow determine the counterpart of the

Singleton bound for CRCs.

Proposition 4.10. For all0 <i < min{d—1,r}, J; el {r—i,r—i+1,..., min{n—

i,7}}. Then
Ar(q,m,n,d,r) < Agr(qg,m,n—i,d—1i,J;). (4.7)

Proof. Let C be an optimal CRC in GF(¢q)™*" with constant-rank r and minimum
distance d, and consider the code C; obtained by puncturing ¢ coordinates of the
codewords in C. Since ¢ < r, the codewords of C; all have ranks between r — ¢ and

min{n — i,r}. Also, since i < d, any two codewords have distinct puncturings, and
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we obtain |C;| = |C| and dr(C;) > d —i. Hence Ar(q,m,n,d,r) = |C| = |Ci] <
Ar(qg,m,n —i,d —1i,J;). O

We now combine the counterparts of the Johnson bound in Proposition 4.9 and
of the Singleton bound in Proposition 4.10 in order to obtain an upper bound on

Agr(q,m,n,d,r) for d < r.

Proposition 4.11. For allq, 1 <d <r <n <m, Ar(q,m,n,d,r) < ma(m,r —

d+1).

Proof. Applying Proposition 4.9 n—r times successively, we obtain Ag(q, m,n,d,r) <
(" Ar(q,m,r,d,r). Forn=randi=d—1, J; = {r —d+1} and hence (4.7) yields
Ar(q,m,r,d,r) < Ar(q,m,r —d+1,1,r—d+1) = Ng(¢,m,r—d+1,r—d+1) =
a(m,r —d+1). Thus Ar(q,m,n,d,r) < ma(m, r—d+1). ]

We now derive the counterpart in rank metric codes of the Bassalygo-Elias bound

[78]. We also tighten the bound when d > r + 1.

Proposition 4.12. For max{r,d} <k <n,0<s <k, k<l <m, and any code
C C GF(q)™* with minimum rank distance d and rank distribution A; o H{CeC:

rk(C) = i},

Z?:() AZJR(Q; l7 ka S, 7, 7’)

A d,r) > 4.8
R(q7 m,n,a, T) el s,gi}?}},(k,l NR(q, l, k?, 8) ( )
Furthermore, if r +1 < d < 2r, then
T'L A’L‘] ’ la ka s by )
Ar(g,m,n,d,r) > ma 2izo AiJld 51.%) . (4.9)

X
s {Abkl NR(Qu l7 k? 8) - Z?:o Az Z?:_g_l JR(Q? l7 k» S, t7 2)

The proof of Proposition 4.12 is given in Appendix 7.3.1.

Although the RHS of (4.8) and (4.9) can be maximized over {A;}, it is difficult

to do so since {A;} is not available for most rank metric codes with the exception
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of linear MRD codes. Thus, we derive a bound using the rank weight distribution

of linear MRD codes.

Corollary 4.13. For all ¢, 1 < r,d < n < m, Ar(¢,m,n,d,r) > Ngr(q,m,n,r)

s

Proof. Applying (4.8) to an (n,n — d + 1,d) MRD code over GF(¢™), we ob-
tain Ngr(q,m,n,s)Ar(g,m,n,d,r) > > M(q,m,n,d,i)Jr(q,m,n,s,ri). Sum-
ming for all 0 < s < n, we obtain Ag(g,m,n,d,r) > Ng(g,m,n,r)g™ =Y since

ZZ:() JR(87T7 Z) = NR(Qamvnvr)‘ ]

The RHS of (4.8) and (4.9) decrease rapidly with increasing d, rendering the
bounds trivial for d approaching 2r.

We investigate below the tightness of the bound in Corollary 4.13.

Il&
LS

Proposition 4.14. For all ¢, 2 < d < r < n < m, we define C(q,m,n,d,r)

Ar(q,m,n,d,r)/[Nr(q, m, n, r)g" D). Then C(q,m,n,d,r) < qfil forr+d—1<

m and C(q,m,n,d,r) < %Kq’l otherwise.

Proof. By Proposition 4.11, C(q,m,n,d,r) < ¢™ Ya(m,r —d + 1)/a(m,r) =
gm0 /o (m —r+d—1,d—1). Since a(n,l) > qﬁ—quq”l forall1 <l <n-—1

[29, Lemma 1|, we obtain C(q,m,n,d,r) < %K;l. Finally, a(n,l) > ‘]Qq—glq”l for

[ <n—1][29, Lemma 1] yields C(q,m,n,d,r) < C forr+d—1<m. ]

¢?-1

The bound in Corollary 4.13 is hence tight up to a scalar when d < r. How-
ever, these bounds are not constructive. Below we derive constructive bounds on

Ar(q,m,n,d,r).
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4.4.2 Constructions of CRCs

We now give explicit constructions of good CRCs when d < r, which in turn yield
asymptotically tight lower bounds on Ag(q, m,n,d,r). We assume the matrices in
GF(q)™*™ are mapped into vectors in GF(¢™)" according to a fixed basis B,, of
GF(q™) over GF(q).

Proposition 4.15. Forallq, 2 <d <r <n <m,
Ar(g,m,n,d,r) > M(q,m,n,d,r) > [n] gD,
T

Proof. The codewords of rank r in an (n,n—d+1, d) linear MRD code over GF(¢™)
form an (n,d,r) CRC. Thus, Ar(q,m,n,d,r) > M(q,m,n,d,r).

We now prove the lower bound on M(q,m,n,d,r). First, for d = r we have
M(q,m,n,r,r) = [Z] (¢"—1) > m Second, suppose d < r. By (2.1), M (¢, m,n,d,r)
can be expressed as M(q,m,n,d,r) = ["] > i—a(=1)""j, where j1; = qr=r=i=1)/2
[J] (qmU=4+D —1). Tt can be easily shown that u; > p;_; for d+1 < j < r, and hence

M(q,m n,d, 7") > "] (,u — My 1) Therefore, M (g, m,n,d,r) > ["][(gm"—4) —1) —
[ (g > []a” 0

Corollary 4.16. For all ¢, 1 <r <n <m, Ar(q,m,n,r,r) = m (g™ —1).

T

Proof. By Proposition 4.11, Ag(q, m,n,r,r) < m (¢™—1), and by Proposition 4.15,
Ar(q,m,n,r,r) > M(q,m,n,r,r) = m (g™ —1). O

T

By Corollary 4.16, the codewords of rank r in an (n,n—r+1,r) linear MRD code
are optimal. We investigate below the tightness of the constructive lower bound in

Proposition 4.15.
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Proposition 4.17. For all g, 1 < d < r < n < m, we define B(q,m,n,d,r) i)

Ar(q, m,n,d,r)/M(q,m,n,d,r). Then for m > 3,

B(2,m,m,m—1m) < 2™ ' -1 (4.10)
—1
B(g,m,m,m —1,m) < 5 ifg>2 (4.11)
q_
(¢ — (g —1)
B(g,m,m,m—2,m) < 4.12
( ) S @9+ )
(@ -D(@-D@-1) .
B(g,m,m,d,m) < ifd <m —2(4.13
( ) D@ -Da-2 -2 (419)
B(qg,m,n,d,r) < % forr < m. (4.14)

The proof of Proposition 4.17 is given in Appendix 7.3.2.

Proposition 4.17 shows that for all but one cases, the codewords of rank r in
an (n,n —d+1,d) MRD code form a code whose cardinality is close to that of an
optimal CRC up to a scalar which tends to 1 for large q.

We now construct CRCs for d > r using generalized Gabidulin codes [26]. Let
g € GF(¢™)" have rank n, and for 0 < i < m — 1, denote the vector in GF(¢™)"
obtained by elevating each coordinate of g to the ¢*-th power as gi, where a and m
are coprime. Let C be the (n,n —d+ 1,d) generalized Gabidulin code over GF(¢™)
generated by (g[O]T,g[”T, . ,g[”_d]T)T, and C' be the (n,d —r,n —d+r + 1)
generalized Gabidulin code generated by <g[”*d+1}T,g["*d+2]T, . ,g[”T]T>T. We
consider the coset C + ¢/, where ¢’ € C’, and we denote the number of codewords of

rank 7 in C + ¢’ as o,(c).

Lemma 4.18. For all d > r, there exists ¢’ € C' such that o,(c') > [!]gm—4+D).

r

Proof. Any codeword ¢’ € C' can be expressed as ¢’ = ¢,,_g118" e, _gi0gl—dt2 4

oo+ g™ where ¢; € GF(¢™) forn —d+1<i<n-—r. If ¢,_, = 0, then
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(C+ ') C D, where D is the (n,n — r,r + 1) generalized Gabidulin code generated
by (g[O}T, gl” ,g["Tl]T>T. Therefore o,.(c¢') =0 if ¢,_, = 0.

Denote the number of codewords of rank 7 in C®C’ as 7,.. Since o (C + ') =
C@®C', we have 1, = > .0 0.(c'). Also, C ®C' forms an (n,n —r + 1,7) MRD
code, and hence 7. = M(q,m,n,r,r) = m (g™ — 1). Suppose that for all ¢’ € (',
o (c') < [M]gm=H. Then 7 = Y. g 0n(c)) < [7](¢™ — 1), which contradicts

T

T, = m (g™ —1). O

r

Although Lemma 4.18 proves the existence of a vector ¢’ for which the translate
C + ¢’ has high cardinality, it does not indicate how to choose ¢’. For d = r + 1, it
can be shown that all ¢’ € C’ satisfy the bound, and that they all lead to optimal

codes.
Corollary 4.19. If d =r + 1, then o,(c') = ["] for all ¢’ € C'.

Proof. First, by Proposition 4.6, o,.(c') < Ag(q,m,n,r +1,7) < Ac(q,n,r,1) = ["]

for all ¢’ € C'. Suppose there exists ¢’ such that o,(c’) < m Then 7, < m (¢"—1),

which contradicts 7, = ["](¢™ — 1). O

Proposition 4.20. For allq, 1 <r <d <n <m, Ag(qg,m,n,d,r) > m =)

and a class of codes that satisfy this bound can be constructed from Lemma 4.18.

Proof. The codewords of rank 7 in a code considered in Lemma 4.18 form a CRC in
GF(q)™*™ with constant-rank r, minimum distance d, and cardinality > m gnr—dtl),
Therefore, Ag(q, m,n,d,r) > m ¢g™r=4+Y)  The proof is concluded by noting that

Ag(q,m,n,d,r) > Ap(q,n,n,d,r) > [I]g"C~4D. O

Corollary 4.21. For all ¢, 1 < r < n < m, Ag(¢,m,n,r + 1,r) = [n] =

Ac(g,n,r1).
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Proof. Combine Proposition 4.6 and Proposition 4.20. O

We note that m is independent of m. We also remark that the lower bound
in Proposition 4.20 is also trivial for d approaching 2r. Since the proof is only
partly constructive, computer search can be used to help find better results for

small parameter values.

4.4.3 Asymptotic results

We study the asymptotic behavior of CRCs using the following set of normal-
ized parameters: v = * p = L and 0 = %. By definition, 0 < p,6 < v,
and since we assume n < m, v < 1. We consider the asymptotic rate defined
as ar(v,d,p) dof lim,,, .o SUp [logqmz Agr(q,m,n,d, T)] We now investigate how
Agr(q,m,n,d,r) behaves as the parameters tend to infinity. Without loss of gen-

erality, we only consider the case where 0 < 6 < min{v, 2p}, since agr(v,d, p) = 0 for

o > 2p.

Proposition 4.22. For 0 < § < p, ag(v,9,p) = p(1+v —p) — 0. For p <6, we

have to distinguish three cases. First, for 2p < v,

i { (1—p)v—p)

(2p = 0), p(2v = p) — Vé} < ar(v,6,p) < (v — p)(2p — ).

1+v—-2p
(4.15)
Second, forv <2p <1,
max {p(1 = p)(v = 8), p(2v = p) = v6} < ar(v,d,p) < p(v —9). (4.16)

Third, for 2p > 1,
)
max {5(1 +v—2p—190),p(2v — p) — V4, 0} <ar(v,6,p) < p(v—9).  (417)

90



4.5. DECODER ERROR PROBABILITY OF RANK METRIC CODES

The proof of Proposition 4.22 is given in Appendix 7.3.3.

Proposition 4.17 indicates that the codewords of a given rank in a linear MRD
code form asymptotically optimal CRCs. In particular, Proposition 4.22 shows that
the set of codewords with rank 7 in an (n,n —d+1, d) linear MRD code constitutes
a CRC of rank n and asymptotic rate of v — 4, which is equal to the asymptotic rate
of an optimal rank metric code [27].

We can split the range of ¢ into two regions: when § < p, the asymptotic rate of
CRCs is determined due to the construction of good CRCs when d < r; when § > p,
we only have bounds on the asymptotic rate of CRCs. Also, the lower bounds based
on the connection between CDCs and CRCs (the first lower bound in the LHS of
(4.15), (4.16), and (4.17)) are tighter for 2p < v and on the other hand become

trivial for p approaching 1.

4.5 Decoder error probability of rank metric codes

4.5.1 Decoder error probability of rank metric codes used

over a rank symmetric channel

We now study the DEP of a rank metric code in GF(¢)™*™ with minimum rank

distance d using a bounded rank distance decoder over a rank symmetric channel,

defined below.

Definition 4.23. A channel on GF(q)™*" is rank symmetric if the inputs and the
outputs are matrices in GF(q)™*" and if all the outputs at the same rank distance

from the input are equiprobable.

Since using a code C C GF(q)™*" over a rank symmetric channel on GF(q)™*"
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is equivalent to using its transpose code CT = {C” : C € C} over a rank symmetric
channel on GF(q)"*™, we assume n < m without loss of generality.

Given a matrix M € GF(q)"*™ as input, a bounded distance decoder for a code
C either produces the codeword in C at distance at most ¢ = [41] from M if such a
codeword exists, or returns a failure otherwise. The decoder error probability (DEP)
is the probability that the decoder produces a codeword different to the one that was
sent. The output of the bounded rank distance decoder depends on u = dg (M, C),
where C € C is the sent codeword. The decoder returns C if and only if v < ¢, and
returns a failure for ¢t < u < d —t. The DEP for u > d — t depends on the rank

distance distribution A, (C) of the code.

Proposition 4.24. Assuming a codeword C € C, a code in GF(q)™ ™ with mini-
mum rank distance d, is sent over a rank symmetric channel and the channel output

1s distance u from C, the DEP of a bounded rank distance decoder satisfies

Pr(C,u) = NR1<U)ZAw(C)ZJR(u,s,w) (4.18)
w=d s=0

1 " In t
W) 2= [w] a(mw—d+1)) Jrlwsw) (419

w=d s=0
< K[2qimmnn, (4.20)

Proof. We have Pr(C,u) = 1;)\[(:(%)’ where D(C,u) is the number of decodable ma-

trices at distance u from C. The set of decodable matrices is the disjoint union
of balls with radius ¢ around the codewords. For any codeword D at distance w
from C, there exist exactly Jg(u,s,w) matrices M such that dg(D,M) = s and
dr(C,M) = u. Summing for all s and all D, we obtain (4.18).

Also, since {D—C : D € C,dg(D, C) = w} is a CRC with minimum distance at
least d and constant-rank w, we have 4,,(C) < Ar(g,m,n,d,w) < [*]a(m, w—d+1)
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by Proposition 4.11, which leads to (4.19). We have

{n}a(m,w—d—kl) - [”

¢~ (=D w—d+1)

< [(—1(]—7n(d—1)]\/'R(,LU)7

w w am—w+d—1,d—1) 7

Jatm.
(4.21)

and hence

1
Pr(Cu) < K.! g ™ Ng(w)Jg(u, s, w)
LK 9>

t n
= Kq_lq_m(d_l) Z Z Jr(w, s,u) (4.22)

5=0 w=d
< KV (o) (123
where (4.22) and (4.23) follow (2.2) and (2.3), respectively. Using Lemma 2.18, we
obtain (4.20). O

It is remarkable that the upper bound on the DEP in (4.20) does not depend on
C and u for any rank metric code. In fact, applying (4.20) to linear MRD codes
leads to [29, Proposition 6]. This general result on the error performance of rank
metric codes parallel that for Hamming metric codes [73].

We now show that MRD codes have the greatest DEP among all rank metric
codes up to a scalar in nontrivial cases. Let us denote the DEP of an MRD code in

GF(¢)™*"™ with minimum rank distance d as Pr mrp(u)-

Corollary 4.25. Let C be any rank metric code in GF(q)™™ (n < m) with min-
imum rank distance d and let C € C. Then if ¢ > 2, n < m, ord # m — 1,

PR(C,U) < HqPR,MRD(U>, where Hy; =35 and Hq = Z%; fOT q> 2.

Proof. By [79], we have H,M(q,m,n,d,r) > Ar(q,m,n,d,r) for n > r > d, as long

as ¢ > 2,n<m,ord#m—1. Hence

t

ZAR q,m,n,d, w)ZJR(u,s,w) > Pr(C,u).

s=0

1

Hy P ymrp (1) > N
r(u
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]

In many applications, the probability that the received matrix is at distance u
from the sent codeword decreases rapidly with u, and hence the overall DEP can be

approximated by Pr(C,d —t). We consider this special case next.

Proposition 4.26. Assume a codeword C € C, a code in GF(q)™*"™ with minimum
rank distance d, is sent over a rank symmetric channel and the channel output is

distance uw = d — t from C, the DEP of a bounded rank distance decoder is given by

d
PR(C, d— t) _ qt(dft) [t}

[dﬁt]a(m,d—t)

Aq(C). (4.24)

In particular, the DEP of an MRD code satisfies Pr mrp(d—1t) > K, g™~ when
d=2t+1.

Proof. First, (4.18) yields Pr(C,d—t) = %Ad((?), which gives (4.24). For an

MRD code, we have A4(C) = M(q,m,n,d,d) = [Z] (g™ —1). Using the bounds on
the Gaussian polynomial in Corollary 2.3, we obtain Pg mrp(d — t) > K,q~{m=—"+1)

when d = 2¢ + 1. O

When v = d—t, Proposition 4.26 above not only provides the DEP for any code,
but also shows that the upper bound on the DEP for MRD codes in (4.20) is tight

up to a scalar.

4.5.2 Generalization to equal row and equal column space

channels

We now consider channels where the errors with the same row (or column) space

are equiprobable.
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Definition 4.27. A channel on GF(q)™*™ is equal row (column) space if the error

is additive and the error patterns with the same row (column) space are equiprobable.

Equal row and column space channels are interesting in several respects. First,
rank symmetric channels are both equal row and equal column space channels,
hence the following results will be generalizations of those in Section 4.5.1. Also,
considering these more general channels does not dramatically affect the tightness of
the bounds. Finally, it is remarkable that these channels may also be used to model
other applications of rank metric codes. Rank metric codes can be used for the
correction of two-dimension errors [14,20] (i.e., errors confined to a certain number
of rows and columns) in storage equipments. Hence, our model encompasses the
case of two-dimensional errors, where some rows or columns are more likely to be
in error than others.

Note that using a code C over an equal row space channel on GF(q)™*" is equiv-
alent to using its transpose code over a column space channel on GF(¢)"*™. We
study equal row space channels first. In this case, it is clear that the DEP de-
pends not only on the rank u of the error, but also on its row space U € E,(q,n).
We hence derive a bound on Pr(C,U) for all codes, and we also obtain the exact
value of Pr(U) for linear MRD codes when n < m, thus generalizing the results in

Proposition 4.24 for equal row space channels.

Proposition 4.28. Assuming a codeword C € C, a code in GF(q)™*"™ with mini-
mum rank distance d, is sent over an equal row space channel and the channel error

has row space U € E,(q,n), the DEP of a bounded rank distance decoder satisfies

Pr(C,U) < ! Z [n} a(m,w—d+1) Z Jr(u, s, w). (4.25)
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Furthermore, if n < m and C is a linear MRD code, then the DEP is given by

1 n t
Prarp(U) = Na(0) Z M(q,m,n,d, w) Z Jr(u, s, w). (4.26)
w=d 5=0

The proof of Proposition 4.28 is given in Appendix 7.3.4. A similar upper bound

can be obtained for an equal column space channel.

Proposition 4.29. Assuming a codeword C € C, a code in GF(q)™ ™ with mini-
mum rank distance d, is sent over an equal column space channel and the channel
error has column space U € E,(q,m), the DEP of a bounded rank distance decoder

satisfies

1 " [m !
Pr(C,U) < Ne(a) LU} an,w—d+1) ;0 Jr(u, s, w). (4.27)

w=d
Furthermore, if n > m and C is the transpose code of a linear MRD code, then the
DEP is given by

t

L Z M(q,n,m,d,w) Z Jr(u, s, w). (4.28)

Pryvrp(U) =
NR(U) w=d s=0

The proof of Proposition 4.29 is similar to that of Proposition 4.28 and is hence

omitted.
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Chapter 5

On Constant-Dimension Codes

and Subspace Codes

5.1 Introduction

Due to its vector-space preserving property, random linear network coding [4, 6]
can be interpreted as transmitting subspaces over an operator channel [9]. Error
control for random linear network coding can hence be modeled as a coding theory
problem, where codewords are subspaces and the distance is either the subspace
distance [9] or, on adversarial channels, the injection metric [11]. Codes in the
projective space, referred to as subspace codes henceforth, and in particular codes
in the Grassmannian, referred to as constant-dimension codes (CDCs) henceforth,
were proposed for that effect. Using CDCs is advantageous for two main reasons.
First, the decoding protocol is simplified, as the receiver only needs a given number
of dimensions to perform the decoding. Also, CDCs are related to rank metric

codes [12-14] through the lifting operation [10]. In particular, liftings of Gabidulin

97



CHAPTER 5. ON CONSTANT-DIMENSION CODES AND SUBSPACE CODES

codes [9] are asymptotically optimal CDCs and have a polynomial-time bounded
subspace distance decoding algorithm [9]. However, although designing a bounded
injection distance decoder for a CDC is straightforward, no efficient algorithm is
known so far. Although CDCs seem more practical, they cannot offer the same rate
as general subspace codes. Comparing the performance of CDCs to that of general

subspace codes is hence crucial for code design.

Construction of CDCs has received growing attention in the literature recently.
In [9], a Singleton bound for CDCs and a family of codes were proposed, which
are nearly Singleton-bound-achieving and referred to as KK codes henceforth. A
recursive construction of CDCs was proposed in [70], and we call these codes Skachek
codes; Skachek codes have larger cardinalities than KK codes in some scenarios, and
reduce to KK codes otherwise. Further constructions for small parameter values
were given in [74] and the Johnson bound for CDCs was derived in [66]. Despite
these previous works, the maximum cardinality of a CDC with a given minimum

distance and how to construct optimal CDCs remain open problems.

Although the packing properties of CDCs were investigated in [9], the cover-
ing properties of CDCs have received little attention in the literature. Covering
properties are significant for error control codes, and the covering radius is a basic
geometric parameter of a code [37]. For instance, the covering radius can be viewed
as a measure of performance: if the minimum distance decoding is used, then the
covering radius is the maximum weight of a correctable error vector [35]; if the code
is used for data compression, then the covering radius is a measure of the maximum
distortion [35]. The covering radius is also crucial for code design: if the covering
radius is no less than the minimum distance, then there exists a supercode with

same minimum distance and higher cardinality.
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This chapter has three main contributions. The first contribution is a study of
the packing and covering properties of CDCs. First, we introduce a new class of
CDCs, referred to as augmented KK codes, based on KK codes. The cardinalities
of our augmented KK codes are no less than those for KK and Skachek codes.
Furthermore, we propose an efficient decoding algorithm for our augmented KK
codes using the bounded subspace distance decoding algorithm in [9]. Our decoding
algorithm decodes more errors than a bounded subspace distance decoder. Second,
we investigate the covering properties of CDCs. We first derive some key geometric
results for Grassmannians. Using these results, we derive upper and lower bounds
on the minimum cardinality of a CDC with a given covering radius. Since these
bounds are asymptotically tight, we also determine the asymptotic behavior of the
minimum cardinality of a CDC with a given covering radius. Although liftings of
rank metric codes can be used to construct packing CDCs that are optimal up to
a scalar, we show that all liftings of rank metric codes have the greatest covering
radius possible and hence they are not optimal packing CDCs. We finally construct

good covering CDCs by permuting liftings of rank metric codes.

The second contribution is a study of the properties of subspace codes using
either the subspace or the injection metric. We investigate the packing and cover-
ing properties of subspace codes. We first determine some fundamental geometric
properties of the projective space. Using these results, we derive bounds on the
cardinalities of packing subspace codes, and we determine the asymptotic rate of
optimal packing subspace codes for both metrics. We thus show that optimal pack-
ing CDCs are optimal packing subspace codes up to a scalar for both metrics if and
only if their dimension is half of their length. Hence, CDCs can be used for correct-

ing errors inherent to the network or caused by an adversary with only a limited rate
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loss. We also study the covering properties of subspace codes. We determine the
asymptotic behavior of optimal covering codes in both metrics. We thus show that
optimal covering CDCs can be used to construct asymptotically optimal covering
subspace codes only for the injection metric. These results not only indicate the
significance of CDCs, but also illustrate the similarities and differences between the
two metrics.

The third contribution is the study of the DEP of constant-dimension codes
using a bounded subspace distance or a bounded injection distance decoder over
a symmetric operator channel. We first determine some fundamental geometric
properties of the subspace and the injection metrics. Using these properties, we
derive asymptotically tight upper bounds on the DEP of any constant-dimension
code obtained by lifting a rank metric code using either a bounded subspace distance
or a bounded injection distance decoder.

The rest of the chapter is organized as follows. In Section 5.2, we present our
augmented KK codes and a decoding algorithm for these codes. In Section 5.3,
we investigate the covering properties of CDCs. In Section 5.4, we investigate the
packing and covering properties of subspace codes using the subspace metric. In
Section 5.5, we study the packing and covering properties of subspace codes using

the injection metric. Section 5.6 investigates the DEP of CDCs.

5.2 Construction of CDCs

In this section, we construct a new class of CDCs which contain KK codes as proper
subsets. Thus we call them augmented KK codes. We will show that the cardinal-

ities of our augmented KK codes are always greater than those of KK codes, and
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that in most cases the cardinalities of our augmented KK code are greater than
those of Skachek codes. Furthermore, we propose a low-complexity decoder for our
augmented KK codes based on the bounded subspace distance decoder in [9]. Since

dual CDCs preserve the distance, we assume r < ¢ without loss of generality.

5.2.1 Augmented KK codes

Our augmented KK code is so named because it has a layered structure and the
first layer is simply a KK code. We denote a KK code in E,.(g,n) with minimum
injection distance d (d < r by definition) and cardinality ¢™ =4+ as £°. For
1<k < m , we first define two MRD codes C* and D, and then construct £ based
on C¥ and D*. C* is an MRD code in GF(q)"*9*¥ with minimum distance d for

E<|z]—1 (=] > |5]) and clil = {0} € aF(g)(Lil9)xLile Dt is an MRD

n—r
d

code in GF(g)™*™="=*4) with minimum distance d for k < |%5"| — 1 and pl=7] =

0! C GF rx(n=r=[ 27" [d) por 1 < k < |Z], the block lengths of C¥ and DF are
{o} (q) il g

at least d, and hence existence of MRD codes with the parameters mentioned above

is trivial. For 1 < k < 5], I(C*) and I(D*) are either trivial codes or KK codes

with minimum injection distance d in F,_xq(q,r) and E,.(q, n—kd), respectively. For

1<k< H, CF € C*, and D? € DF, we define E,ij € FE,.(q,n) as the row space of

d
I | Ct| 0
- D* | and Er = {Eﬁj}ﬁigl’mﬂ_l. Our augmented KK code is
0 0 | Ik

Kl

simply € = [Jp%5 €. In order to determine its minimum distance, we first establish

two technical results. First, for any two matrices A € GF(q)**", B € GF(q)®*", we
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can easily show that

ds(R(A), R(B)) = 2tk(AT|BT) — rk(A) — tk(B) > [rk(A) — tk(B)|, (5.1)

di(R(A), R(B)) = tk(AT|BT) — min{rk(A),rk(B)} > [tk(A) — rk(B)|.(5.2)

Second, we show that truncating the generator matrices of two subspaces in F(q,n)

can only reduce the (subspace or injection) distance between them.

Lemma 5.1. Suppose 0 < ny < n. Let A = (A{|As) € GF(¢q)*", B = (By|B;) €
GF(q)®*", where A, € GF(q)*™ and By € GF(q)®™. Then for i = 1 and 2,
ds(R(As), R(B:)) < ds(R(A), R(B)) and di(R(A,), R(By) < dy( R(A), R(B)).

Proof. Tt suffices to prove it for i = 1 and ny = n — 1. We need to distinguish two
cases, depending on tk(AT|BY). First, if rk(AT|BT) = rk(AT|BT), then it is easily
shown that rk(A;) = rk(A) and rk(B;) = rk(B), and hence ds(R(A;), R(B1)) =
ds(R(A), R(B)) and di(R(A4), R(By)) = di(R(A),R(B)) by (5.1) and (5.2), re-
spectively. Second, if tk(AT|BT) = rk(AT|BT) — 1, then ds(R(A;), R(By)) =
2rk(AT[BT)~2-1k(A) —rk(By) < ds(R(A), R(B)) by (5.1) and di(R(A,), R(B1)) =
rk(AT|BT) — 1 — min{rk(A,),rk(B;)} < di(R(A), R(B)) by (5.2). O

Proposition 5.2. £ has minimum injection distance d.

Proof. We show that any two codewords EF

i Eap € € are at injection distance at

least d using Lemma 5.1. When ¢ # k, let us assume ¢ < k without loss of generality,
and then di(E};, ES) > di(R(I—44|0), R(I,_cq)) = (k — ¢)d > d. When ¢ = k and
a # i, then di(Ef;, EY,) > di(I(Cf), I(C)) > d. When ¢ =k, a =4, and b # j,

Z?]’

then di(E%;, BX,) > di(I(D%), 1(Df)) > d. -

Let us first determine the cardinality of our augmented KK codes. By construc-

tion, £ has cardinality |&| = ¢»~"—d+1) 4 Z,E% |C*||D¥|, where |C|-£J| = 1 and
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|C¥| = min{g(rFkd=dFD) ghdr=kd=d+1)} for | <k < |%] — 1 and |DL%J| =1 and

IDF| = min{g (" —kd—d+1) gi-r—kd)r—d+D} for 1 < f < Ln;rj 1

Let us compare the cardinality of our augmented KK codes to those of KK and
Skachek codes. Note that all three codes are CDCs with minimum injection distance
d in E,.(q,n). First, it is easily shown that our augmented KK codes properly
contain KK codes for all parameter values. This is a clear distinction from Skachek
codes with cardinality L(q,n,r,d), which by (4.5) reduce to KK codes for 3r > n.
In order to compare our codes to Skachek codes when 3r < n, we first remark
that (4.5) and Corollary 2.3 lead to L(q,n,r,d) — ¢i"= =4+ < [ -tgn=2n)(r=dt1),
Also, we have |E] > ¢("=)(r=d+) ||| D] > ¢(n=n)r=dt)  g(n=r=d)(r=d+1) " Hence
E| — g r=d+) 5 K qr=d=dtD ([ (g n,r,d) — ¢ =4+D) "and our augmented
KK codes have a greater cardinality than Skachek codes when d < r. We emphasize
that for CDCs of dimension r, their minimum injection distance d satisfies d < r. A
Skachek code is constructed in multiple steps, and in the i-th step (i > 1), subspaces
that correspond to a KK code in E,.(q,n — ir) are added to the code. When d = r,
£ is actually the code obtained after the first step.

As an illustration of the improvement obtained by using augmented KK codes,
the cardinalities of KK codes, Skachek codes, and augmented KK codes are displayed
in Table 5.2.1 for ¢ = 2, n = 10, and 2 < r < 5. For the parameters considered in
Table 5.2.1, augmented KK codes have the greatest cardinality for all but one case,

when d =r = 2.

5.2.2 Decoding of augmented KK codes

Let A = (Ag|A3) € GF(¢)™™ be the received matrix, where Ay € GF(q)**" and

A; € GF(q)™(™ ™). We propose a decoding algorithm that either produces the
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r|d KK Skachek | Augmented KK
212 256 340 320
312 | 16384 16640 17408
3 128 144 144
4 12| 262144 | 262144 278544
3| 4096 4096 4112
4 64 64 65
5|2 | 1048576 | 1048576 1056769
3| 32768 32768 32769
4 1024 1024 1025
5 32 32 33

Table 5.1: Cardinalities of KK codes, Skachek codes, and augmented KK codes in
E,(2,10) for 2 <r < 5.

unique codeword in & closest to R(A) in the subspace metric or returns a failure.
Suppose the minimum subspace distance of our augmented KK codes is denoted as
2d, a bounded distance decoder would find the codeword that is closest to R(A)
up to subspace distance d — 1. Our decoding algorithm always returns the correct
codeword if it is at subspace distance at most d — 1 from the received subspace, thus
correcting more errors than a bounded subspace distance decoder.

Given the layered structure of &£, our decoding algorithm for £ is based on a
decoding algorithm for £¥, shown below in Algorithm 5.3, for any k. We denote the

codewords in £° as EY ; for 0 < j < [£%] — 1.

Algorithm 5.3. EBDD(k, A).

Input: k and A = (A1|A3|As) € GF(q)*", A, € GF(q)™ =) A, € GF(q)***,
Ay € GF(g)™ ),

Output: (Efj,dk,fk).

to obtain EY

5.8.1 If k =0, use the decoder for E 0, calculate dy = ds(R(A), EY ),
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and return (EQ ;, dy,0). If the decoder returns a failure, return (1(0),d,0).

5.3.2 Use the decoder of I(C*) on (A1]A3) to obtain CF. If the decoder returns a

failure, set C} = 0, DY = 0 and return (E};, d,0).

17] ’

5.8.8 Use the decoder of I(D*) on (A1|As) to obtain D¥. If the decoder returns a

failure, set D} = 0 and return (Eivj,

d,0).
5.3.4 Calculate dy = ds(R(A), EY;) and
fie = 2d — max{ds(R(A1|A,), I(CY)), ds(R(A1]A3), 1(D))}
and return (Efj7dk, fr)-

Algorithm 5.3 is based on the bounded distance decoder proposed in [9]. When
k=0, % is simply a KK code, and the algorithm in [9] is used directly; when k > 1,
given the structure of £, two decoding attempts are made based on (A;|A;) and
(A1|A3), and both are based on the decoding algorithm in [9].

We remark that Algorithm 5.3 always return (E;fj, dg, fr). If a unique nearest
codeword in £* at distance no more than d—1 from R(A) exists, then by Lemma 5.1
Steps 5.3.2 and 5.3.3 succeed and Algorithm 5.3 returns the unique nearest codeword
in Efj However, when such unique codeword in £* at distance no more than d — 1
does not exist, the return value f; can be used to find the unique nearest codeword
because fj is a lower bound on the distance from the received subspace to any other
codeword in £¥. Also, when f; = 0, Algorithm 5.5 below always returns a failure.

Thus, we call Algorithm 5.3 an enhanced bounded distance decoder.

Lemma 5.4. Suppose the output of EBDD(k, A) is (E};, dy, fi), then ds(R(A), E}; )
> fr for any Efjm € &F provided (u,v) # (i, 7).
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Proof. The case fr, = 0 is trivial, and it suffices to consider f, = min{2d —

ds(R(A1|A2),I(CY)),2d — ds(R(A1|As), I(D¥))}. When u # 4, Lemma 5.1 yields

dS<R(A>7 Es,v)

v

ds(R(A1]Az), I(Cy))

v

ds(1(C}), 1(Cy)) — ds(R(A1|A,), I(CF))

> 2d — ds(R(A1]A3),1(C))) > f.

Similarly, when v # j, we obtain dg(R(A), E} ) > 2d — ds(R(A4|As), I(D})) >

i =
The algorithm for £ thus follows.

Algorithm 5.5. Decoder for .
Input: A = (Ag|A3) € GF(q)™", Ag € GF(¢)™", As € GF(q)™*"").

Output: Fither a failure or the unique nearest codeword in € from R(A).
5.5.1 If tk(A) <r —d+ 1, return a failure.
5.5.2 Calculate r — rk(Ap) = ld +m where 0 < < w and 0 < m < d.

5.5.3 Call EBDD(l, A) to obtain (E!

/L?]’

di, fi). If d; < d —1, return Efj

5.5.4 Ifm =0, return a failure. Otherwise, call EBDD(I+1, A) to obtain (Eéj;l, dis1,

figr). If diyr < d—1, return Ei*tl

5.5.5 If d; < min{d + m, fi,ds1, fir1,2d — m}, return Efj If diy1 < min{d +

m,dy, fi, fir1,2d — m}, return Eitl

5.5.6 Return a failure.
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Proposition 5.6. If the received subspace is at subspace distance at most d—1 from
a codeword in &, then Algorithm 5.5 returns this codeword. Otherwise, Algorithm 5.5
returns either a failure or the unique codeword closest to the received subspace in the

subspace metric.

Proof. We first show that Algorithm 5.5 returns the unique nearest codeword in £ to
the received subspace if it is at subspace distance at most d—1. Forall 1 < k < U—J
and Ef € £ Lemma 5.1 and (5.1) yield

ds(R(A),EL ) > ds(R(Ay), I(C})) = |r — kd — rk(Ao)| = |(I — k)d + m|. (5.3)

Similarly (5.1) yields ds(R(A), Ef,) > ld + m for any v. Hence dg(R(A),E") > d
for k <l —1or k >[4 2. Therefore, the unique nearest codeword is either in
E or ' and applying Algorithm 5.3 for £ and £ always returns the nearest
codeword.

We now show that when the distance from the received subspace to the code is
at least d, Algorithm 5.5 either produces the unique nearest codeword or returns a
failure. First, by (5.3), ds(R(A), &) = d+m and ds(R(A), E'*?) = 2d — m, while
ds(R(A),EF) > 2d for k < 1—2or k > 1+3. Also, by Lemma 5.4, ds(R(A), E} ) > f,
for all (u,v) # (i,7) and ds(R(A),EY) > min{d1, fiy1}. Therefore, if d; <
min{d + m, fi, d11, fi11,2d —m}, then Efj is the unique codeword closest to R(A).
Similarly, if ;1 < min{d+m,d;, fi, fi11,2d—m}, then Eétl is the unique codeword
closest to R(A). O

We note that when rk(A) < r —d + 1, by (5.1) Steps 5.3.2 and 5.3.3 would
both fail, and Algorithm 5.5 will return a failure. We also justify why Algorithm 5.5
returns a failure if d; > d and m = 0 in Step 5.5.3. Suppose d; > d and m = 0
and we apply Algorithm 5.3 for £F!. Then we have d; > d + m and by (5.3)
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diy1 > |d — m| = d + m. Therefore, neither inequality in Step 5.5.5 is satisfied and
the decoder returns a failure.

By Proposition 5.6, Algorithm 5.5 decodes beyond the half distance. However,
the decoding radius of Algorithm 5.5 is limited. It is easy to see that the decoding
radius of Algorithm 5.5 is at most d + L%J due to the terms d +m and 2d —m in the
inequalities in Step 5.5.5. We emphasize that this is just an upper bound, and its
tightness is unknown. Suppose r — rk(Ag) = ld + m, when Algorithm 5.5 decodes
beyond half distance, it is necessary that f; and f;1; be both nonzero in Step 5.5.5.
This implies that the row space of (A1]A,) is at subspace distance no more than
d — 1 from I(C') and I(C"*') and that the row spaces of (A;|A3) are at subspace
distance no more than d — 1 from I(D') and I(D"*1).

We note that the inequalities in Step 5.5.5 are strict in order to ensure that the
output of the decoder is the unique nearest codeword from the received subspace.
However, if one of the nearest codewords is an acceptable outcome, then equality
can be included in the inequalities in Step 5.5.5.

Our decoding algorithm can be readily simplified in order to obtain a bounded
subspace distance decoder, by removing Step 5.5.5. We emphasize that the general
decoding algorithm has the same order of complexity as this simplified bounded
subspace distance decoding algorithm.

Finally, we note that the decoding algorithms and discussions above consider
the subspace metric. It is also remarkable that our decoder remains the same if the

injection metric is used instead. We formalize this by the following proposition.

Proposition 5.7. If the received subspace is at injection distance at most d—1 from
a codeword in &, then Algorithm 5.5 returns this codeword. Otherwise, Algorithm 5.5

returns either a failure or the unique codeword closest to the received subspace in the
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mjection metric.

The proof of Proposition 5.7 is based on the observation that a codeword in a
CDC is closest to the received subspace in the subspace metric if and only if the
codeword is closest to the received subspace in the injection metric by (4.1), and is

hence omitted.

The complexity of the bounded subspace distance decoder in [9] for a KK code in
E(q,n) is on the order of O(n?) operations over GF(¢)"~" for r < %, which is hence
the complexity of decoding £°. This algorithm can be easily generalized to include
the case where r > 7, and we obtain a complexity on the order of O(n?) operations
over GF(gm@{r»=})  Thus the complexity of decoding I(C*) and I(D*) for k > 1 is
on the order of O(r?) operations over GF(qmax{kdr=kd}) and O((n — kd)?) operations
over GF (gmax{rm=kd=r}) "respectively. The complexity of the decoding algorithm for
EF is on the order of the maximum of these two quantities. It is easily shown that
the complexity is maximized for k = 0, that is, our decoding algorithm has the same

order of complexity as the algorithm for the KK code &£°.

5.3 Covering properties of CDCs

The packing properties of CDCs have been studied in [9,62,66,70,74]; an asymptotic
rate of CDCs was defined and determined in [9]. Henceforth in this section, we focus
on the covering properties of CDCs instead. We emphasize that we consider only
the injection distance in this section. Furthermore, since dy(U,V) = dy(U+,V*)
for all U,V € E,(q,n), without loss of generality we assume that r < L%J in this

section.
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5.3.1 Properties of balls in the Grassmannian

We first investigate the properties of balls in the Grassmannian E,.(g,n), which will
be instrumental in our study of covering properties of CDCs. First, we derive bounds

on the volume of balls in E,(q,n).
Lemma 5.8. For all ¢, n, r < |2]|, and 0 < ¢t <r, ¢""™ < V(1) < Kq‘zqt("—t)_

Proof. First, we have Vo(t) > Ne(t) > ¢ by Corollary 2.3. Also, N¢(d) <
Kq’lNR(q,n — r,r,d), and hence Vg(t) < K;lvR(q,n — ) < K(;th(nft) a5
Ve(g,n —r,r,t) < K;'¢""™" [29, Lemma 9]. -

We now determine the volume of the intersection of two spheres of radii u
and s respectively and distance d between their centers, which is referred to as
the intersection number J¢(u, s, d) of the association scheme [43]. The intersection

number is an important parameter of an association scheme.

Lemma 5.9. For all u, s, and d between 0 and r,
1 . . .
Jo(u, s, d) = NG > By (i) E (i) Ea(i),

where p; = [7] — [.",] and E;(i) is a q-Eberlein polynomial [46]:

E;(i) = é(—l)jlql”(j;l) {: :ﬂ {r Z— l} [n —r l+ I — z} |

Although Lemma 5.9 is obtained by a direct application of Theorems 3.5 and 3.6
in [41, Chapter II], we present it formally here since it is a fundamental geometric
property of the Grassmannian and is very instrumental in our study of CDCs. We

also obtain a recursion formula for Jo(u, s, d).
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Lemma 5.10. Jc(u, s, d) satisfies the following recursion: Jc(0,s,d) = 654, Jo(u,0,d)

= 0y,d, and

Cur1dc(u+1,s,d) = bs1Jc(u,s —1,d) + (a5 — ay)Jc(u, s,d) + e Jc(u, s + 1,d)

_buflj(j(u - 1757d>7

where ¢; = Jo(1,j — 1,5) = [1I°, b = Jo(Lj +1,5) = ¢V [7]["777], and
a; = Jo(1,4,5) = Ne(1) = bj —¢; for 0 < j <.

The proof follows directly from [43, Lemma 4.1.7], [43, Theorem 9.3.3], and [43,
Chapter 4, (1a)], and hence is omitted. Let I¢(u,s,d) denote the intersection of
two balls in E,(g,n) with radii v and s and distance d between their centers. Since
Io(u,s,d) =50, ijo Jo(i,7,d), Lemma 5.9 also leads to an analytical expression

for Ic(u, s,d). Proposition 2.22 below shows that I¢(u, s, d) decreases as d increases.
Proposition 5.11. For all u and s, Ic(u, s, d) is a non-increasing function of d.

The proof of Proposition 5.11 is given in Appendix 7.4.1. Therefore, the mini-
mum nonzero intersection between two balls with radii v and s is given by Ic(u, s, u+
s) = Jo(u,s,u + s) for u+ s < r. By Lemma 5.10, it is easily shown that
Jo(u, s,u+s) = [“15}2 for all w and s when u+ s <.

We derive below an upper bound on the union of balls in E,(q,n) with the same

radius.

Lemma 5.12. The volume of the union of any K balls in E.(q,n) with radius p is
at most

Be(K,p) = KVo(p) — [K — Ac(g:n,r,r — 1+ D]lc(p, pyr — 1)
l

- Z[AC(q7n7rar —a+ 1) - AC(q7n7r7r —a-+ 2)][C<p7pvr —a-+ 1)7

a=1
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where | = max{a : K > Ac(¢,n,r,7 —a+1)}.

Proof. Let {U;}," denote the centers of K balls with radius p and let V; = {Ui}z;ol
for 1 < j < K. Without loss of generality, we assume that the centers are labeled
such that di(U;,V;) is non-increasing for j > 1. For 1 < a <[ and Ac(q,n,r,r —
a+2) <j < Ac(g,n,r,r —a+1), we have di(U;,V;) = di(V;41) <r—a+1. By
Proposition 2.22, U; hence covers at most Vi(p) — Ic(p, p, 7 — a + 1) subspaces that

are not previously covered by balls centered at V;. O

We remark that using any upper bound on Ac(gq,n,r,7 —a + 1) in the proof of
Lemma 5.12 gives a valid upper bound on B¢ (K, p). Hence, although the value of
Ac(g,n,r,r —a+1) is unknown in general, the upper bound in (4.5) can be used in
Lemma 5.12 in order to obtain an upper bound on the volume of the union on balls

in the Grassmannian.

5.3.2 Covering CDCs

The covering radius of a CDC C C E,(q,n) is defined as p = maxyecg, (gn) di(U,C).
We denote the minimum cardinality of a CDC in E,(q,n) with covering radius p as
Kc(g,n,r, p). Since Kc(g,n,n —r,p) = Kc(g,n,r,p), we assume r < L%J Also,
Kc(g,n,r,0) = m and Kc(gq,n,r,r) = 1, hence we assume 0 < p < r henceforth.

We first derive lower bounds on K¢(q,n, 7, p).

Lemma 5.13. For all g, n, r < L%J, and 0 < p < r, Kc(q,n,r,p) > min{K :

Bo(K,p) =[]} > %'

Proof. Let C be a CDC with cardinality K¢(q,n,r, p) and covering radius p. Then

the balls around the codewords cover the m subspaces in E,.(gq,n); however, by
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Lemma 5.12, they cannot cover more than Bc(|C|, p) subspaces. Therefore, [7] <
Be(Ke(g,n,r, p), p) and we obtain the first inequality. Since B¢ (K, p) < KVi(p)

for all K, we obtain the second inequality. O

The second lower bound in Lemma 5.13 is referred to as the sphere covering
bound for CDCs. This bound can also be refined by considering the distance distri-

bution of a covering code.

Proposition 5.14. For 0 < ¢§ < p, let Ts = miny ,_, A;(0), where the mini-
mum is taken over all integer sequences {A;(0)} which satisfy A;(0) = 0 for 0 <
i <0—1,1 < As(0) < N¢(9), 0 < A;(6) < Ne(i) for 6+1 < i < r, and
Yoo Ai(0) > Je(l, s, 1) > Ne(l) for0 <1 <r. Then Kc(q,n,r, p) > maxo<s<, L.

Proof. Let C be a CDC with covering radius p. For any U € E,.(q,n) at distance
d from C, let A;(6) denote the number of codewords at distance ¢ from U. Then
Y oi_oAi(0) = |C| and we easily obtain A;(0) = 0 for 0 <i < d—1,1 < As(d) <
N¢(0),and 0 < A;(0) < Ne(i) for 04+1 < i <r. Also, for 0 <[ < r, all the subspaces
at distance [ from U are covered, hence Y ;_, A;(0) > 7_, Jo(l,s,1) > Ne(1). O

We remark that Proposition 5.14 is a tighter lower bound than the sphere cover-
ing bound. However, determining Ty is computationally infeasible for large param-
eter values.

Another set of linear inequalities is obtained from the inner distribution {a;} of a

def 1

covering code C, defined as a; = Y cece HD € C:di(C, D) =i}| for 0 <4 < r [15].

Proposition 5.15. Let t = min) ._,a;, where the minimum is taken over all
sequences {a;} with ag =1, 0 < a; < No(i) for 1 <i<wr, > _a; y ", Jo(l,s,i) >

Ne(l) for0<1<r, and >_._, aiﬁé((?) >0 for0<1<r. Then Kc(q,n,r,p) > t.
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Proof. Let C be a CDC with covering radius p and inner distribution {a;}. Propo-
sition 5.14 yields 0 < a; < N¢(i) for 1 <4 <r, Y7 ja;> .7 Jc(l,s,1) > Ne(l) for
0 <1 <r, while ag = 1 follows the definition of a;. By the generalized MacWilliams

inequalities [15, Theorem 3], >"'_ a;Fi(i) > 0, where Fj(i) = wom Ei(l) are the g-

numbers of the association scheme [15, (15)], which yields . _, aiﬁé—((li)) > 0. Since

> o @i = |C|] we obtain that |C| > ¢. O

Lower bounds on covering codes with the Hamming metric can be obtained
through the concept of the excess of a code [49]. This concept being independent of
the underlying metric, it was adapted to the rank metric in [80]. We adapt it to the

injection metric for CDCs below, thus obtaining the lower bound in Proposition 5.16.

Proposition 5.16. For all q, n, r < LQJ, and 0 < p < r, Kc(g,n,r,p) >

] 2

def | b def
Tolr-iNotp) Where € = {_ﬂ Cor1 — by and § = Ne(1) — ¢, + 2e.

Cp+1
The proof of Proposition 5.16 is similar to that of Proposition 2.35 and is hence
omitted. We now derive upper bounds on Kc(q,n,r, p). First, we investigate how

to expand covering CDCs.

Lemma 5.17. For all ¢, n, v < |%], and 0 < p < r, Kc(g,n,7,p) < Kc(g,n —
1>T7p_ 1) < [n;p}7 and KC(q7n7r7/)> < KC(Q7n7T_ 17/)_ 1) < [ " :|

r=p

The proof of Lemma 5.17 is given in Appendix 7.4.2. The next upper bound is

a straightforward adaptation of [80, Proposition 12].

Proposition 5.18. For all g, n, r < \_%J, and 0 < p < r, Kc(g,n,r,p) <
{1 togy (11~ et}

The proof of Proposition 5.18 is similar to that of Proposition 2.43 and is hence

1
+ 1.

omitted. The next bound is a direct application of [37, Theorem 12.2.1].
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Proposition 5.19. For all ¢, n, r < L%J, and 0 < p < r, Kc(g,n,r,p) <

Al mveo)).

The bound in Proposition 5.19 can be refined by applying the greedy algorithm
described in [51] to CDCs.

Proposition 5.20. Let ky be the cardinality of an augmented KK code with min-
imum distance 2p + 1 in E.(q,n) for 2p < r and ko = 1 for 2p > r. Then for

all k > ko, there exists a CDC with cardinality k which covers at least m — Ug

subspaces, where uy, ) m — koVe(p) and upyq = up — ’Vmin{[ani:?éz)(uk,p)}—‘ for all

k > ko. Thus Kc(gq,n,r,p) < min{k : uy = 0}.

The proof of Proposition 5.20 is similar to that of Lemma 2.46 and is hence
omitted.
Using the bounds derived above, we finally determine the asymptotic behavior of

Kc(q,n,r, p). The rate of a covering CDC C C E,.(q,n) is defined as —loglolgbf ‘((;'n)'. We
q ™ b

remark that this rate is different from the one introduced in [81] for packing CDCs,
where CDCs are compared to subspace codes. Since we are concerned here about

how CDCs cover the Grassmannian, this rate is more appropriate for covering CDCs.

We use the following normalized parameters: r" = =, p' = £ and the asymptotic

log, Kc(g,n,m.p)
log,, [ﬁ]

Proposition 5.21. For all0 < p <1’ < %, ko(r',p))=1— ﬁ:g:q’fg

rate ko(r', p') = liminf,,

Proof. The bounds on V(p) in Lemma 5.8 together with the sphere covering bound

yield Ka(q,n,r, p) > Kgq’"(”_”_p(”_p). Using the bounds on the Gaussian polyno-

p(1=p")
r(1—r')

to Kc(gq,n,r,p) < K 'q""="=70=0)[1 + In(K?) + p(n — p) Ing], which asymptoti-

mial in Corollary 2.3, we obtain kc (1, p/) > 1— . Also, Proposition 5.19 leads

cally becomes k¢ (r', p/) <1 — %- =
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We finish this section by studying the covering properties of liftings of rank

metric codes. We first prove that they have maximum covering radius.

Lemma 5.22. Let [(C) C E,(q,n) be the lifting of a rank metric code in GF(g)™* "),

Then I(C) has covering radius r.

Proof. Let D € E,(q,n) be generated by (0|D;), where D; € GF(q)"*(" ") has
rank r. Then, for any codeword I(C) generated by (I,|C), it is easily seen that
di(D,I(C)) =rk(Dy) =1. O

Lemma 5.22 is significant for code design. It is shown in [9] that liftings of rank
metric codes can be used to construct nearly optimal packing CDCs. However,
Lemma 5.22 indicates that for any lifting of a rank metric code, there exists a
subspace at distance r from the code. Hence, adding this subspace to the code leads
to a supercode with higher cardinality and the same minimum distance. Thus an
optimal CDC cannot be designed from a lifting of a rank metric code.

Although liftings of rank metric codes are poor covering codes, we construct
below a class of covering CDCs by using permuted liftings of rank metric covering
codes. We thus relate the minimum cardinality of a covering CDC to that of a
covering code with the rank metric. For all n and r, we denote the set of subsets of
{0,1,...,n — 1} with cardinality r as S”. For all J € S” and all C € GF(¢q)™*"™"),
let I(J,C) = R(n(I,|C)) € E.(¢q,n), where 7 is the permutation of {0,1,...,n —
1} satistying J = {7(0),7(1),...,7(r — 1)}, #(0) < w(1) < ... < w(r — 1), and
m(r) <m(r+1) < ... <7w(n—1). We remark that 7 is uniquely determined by
J. Tt is easily shown that d;(/(J,C),I(J,D)) = dg(C,D) for all J € S! and all
C,D € GF(q)™*(»=),
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Proposition 5.23. For all ¢, n, r < L%J, and 0 < p < r, Kc(g,n,r,p) <

(:) KR(Q) n-—rr, p)

Proof. Let C C GF(q)"*™ ") have cardinality Kr(¢,n — r,r,p) and rank covering
radius p. We show below that L(C) = {I(J,C) : J € SI,C € C} is a CDC with
covering radius p. Any U € E,(¢,n) can be expressed as I(.J, V) for some J € S
and some V € GF(q)"™*"). Also, by definition, there exists C € C such that
dr(C,V) < p and hence d;(U, I(J,C)) = dg(C,V) < p. Thus L(C) has covering

radius p and cardinality < (:f) Kr(g,n —1,7,p). ]

In order to illustrate the result in Proposition 5.23, we consider L(C), where C is
the code introduced in (2.9). Since C is a code in GF(2)3*3 with rank covering radius
2, L(C) is a CDC in FE3(2,6) with covering radius 2. Proposition 5.23 indicates that
|IL(C)] < 4(2) = 80; however, since several liftings /(.J, C) for different J and the
same C are equal, it can be shown that |L(C)| = 70 < 80.

It is shown in [80] that for r < n — r, Kg(q,n — r,r,p) is on the order of
q" ") =P("=p) which is also the order of K¢(q,n,r, p). Therefore, the construction
in Proposition 5.23 leads to good covering CDCs for large q. However, for ¢ = 2,

the (Z) term is not negligible, and the upper bound in Proposition 5.23 is not tight.

5.4 Properties of subspace codes with the sub-

space metric

We now investigate the properties of subspace codes. We shall use the notation

v = L%J in the rest of this chapter.
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5.4.1 Properties of balls with subspace radii

We first investigate the properties of balls with subspace radii in E(q,n), which will
be instrumental in our study of packing and covering properties of subspace codes

with the subspace metric. We first derive bounds on |E(g,n)| below.

Lemma 5.24. For all n, we have ¢*"™) < |E(q,n)| < 2Kq_1quV(”_”), where
def o0 7’L’2
Ny =200

Proof. We have |E(g,n)| =Y. ['] > [?] > ¢"®™ ), which proves the lower bound.

In order to prove the upper bound, we distinguish two cases. First, if n = 2v 4+ 1,

then Z2y+l [QVJ,-I] _ 22;/:0 [2y+1} < 2Kq_1 ZZ'VZO qy(y+1)—i(i+1) < 2Kq—1quu(n—u).

r=0 r v—1i
2

Second, if n = 2v, then 327, ] = 2] +230, [] < 2K Y, ¢ <

r v—1i

QKq—Iquy(n—u) )

We now determine the number of subspaces at a given distance from a fixed
subspace.

Lemma 5.25. The number of subspaces Ns(r,s,d) with dimension s at subspace

def

distance d from a subspace with dimension r is given by ¢“4— m [Z:;] when u =

%‘l_s s an integer, and O otherwise.

Proof. For U € E.(¢q,n) and V € Ey(q,n), ds(U,V) = d if and only if dim(UNV) =
r —u. Thus there are m choices for UNV. The subspace V can then be completed

in ¢“@= """ ways. O

We remark that this result is implicitly contained in [61, Theorem 5], where no
proof is given. We also denote the volume of a ball with subspace radius ¢ around
a subspace with dimension r as Vg(r, t) & S o> Ns(r,s,d).

The following technical lemma will be instrumental in Section 5.4.3.
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Lemma 5.26. For allr, s, and t < min{r +s,v}, 34 Ns(r,s,d) < K;2L,q'®,
where 4f(d) = d(2n —d) — (r —s)(2n —r —3s) and L, = Y o, ¢~ 1. Therefore,
> im0 Ns(r,s,d) < K 2Leq" ™) for s < wv.

Proof. By Lemma 5.25 and Corollary 2.3, we have Ng(r, s, d) < Kq’zqf(d), and hence
t t
—2(2n— 1) — —3;2 _
ZNS(r,s,d ) < K, qf(t)Zq §(2n—2t+9) <K, 2qf(t)z:q 1 <Kq2quf(t).
- i=0

Maximizing f for s < vand s—t < r < s+t, we easily obtain ZZ:O Ns(r,s,d) <

Kq—Qqut(n—s)_

We now derive bounds on the volume of a ball with subspace radius. Since
Vs(r,t) = Vs(n—r,t) for all r and ¢, we only consider r < v. Also, we assume t < v,

for only this case will be instrumental to our derivations.

Proposition 5.27. For all ¢, n, r < v, and t < v, we have ¢~ 1¢9® < Vs(r,t) <

2MqKq_2qu9(t), where My =324, Ly=> 0 q‘%} and
t(n—r—1) fort < 222
g(t) =19 Hn—2r)%+1t@2n—1t) for 252 < ¢ < nr (5.4)
(=nn—t+r)  forEE<i<h

The proof of Proposition 5.27 is given in Appendix 7.4.3. We remark that the
bounds in Proposition 5.27 are tight up to a scalar, and depend on both r and .

For all A € E,(q,n),B € Ey(q,n), we denote the number of subspaces with
dimension ¢ in the intersection of two spheres with subspace radii v and s centered
at A and B, respectively, as Js(q,n;u,s; A, B,c) = |{C € E.(¢,n) : ds(A,C) =
u,ds(B,C) = s}|.
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Theorem 5.28. For all A € E,(¢,n), B € Ey(q,n) with ds(A, B) = w, the inter-
section Js(q,n;u, s; A, B, c) depends on A and B only through a, b, and w. We thus

have Js(q,n;u, s; A, B, c) = Js(q,n;u, s,w;a, b, c).

The proof of Theorem 5.28 is given in Appendix 7.4.4. The intersection of spheres

with subspace radii is related to the volume of these spheres in Corollary 5.29 below.
Corollary 5.29. For all parameter values,

NS(% b7 w)Js(q,n;u,s,w;a,b, C) = Ns((l,C,U)Js(Q,ﬂ;U),S,U; a,c, b)7 (55)

ZJS(q7n;u7 S7w;a/7b7 C) = NS(b, C? S)' (5'6>

u=0
Proof. Let A € E,(q,n). By counting the number of pairs of subspaces (B, C') such
that dim(B) = b, dim(C) = ¢, ds(A, B) = w, ds(A,C) = u, and ds(B,C) = s in
two different ways, we obtain (5.5). Also, >""'_, Js(gq, n;u, s, w;a,b, c) is the number
of subspaces C' € E.(q,n) such that ds(B,C) = s for a given B € E,(q,n), hence it
is equal to Ns(b, ¢, s). ]

The set of all subspaces of GF(q)", endowed with the subspace (or injection)
metric, does not form an association scheme. Indeed, the intersection of two spheres
does not only depend on the radii of the spheres and on the distance between
their respective centers. Theorem 5.28 is a fundamental property of spheres in the
subspace metric, as it shows that the intersection only depends on the parameters
mentioned above and the dimension of the centers.

Theorem 5.28 also implies that the intersection of two balls in E(g,n) with
subspace radii, represented as the shaded area in Figure 5.1, only depends on a, b,

u, s, and w. Furthermore, for all ¢, the number of subspaces with dimension ¢ in
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dimension

Figure 5.1: Intersection of balls in the subspace metric.

the intersection, represented as the black line in Figure 5.1, only depends on the
parameters above and c.

Although the value of Js(q,n;u, s, w;a,b,c) is unknown in general, we remark
that for a = b = ¢, Js(q,n;2u,2s,2w;a,a,a) = Jo(q,n,a,u, s,w), the intersection
number of the association scheme for E,(¢q,n). We also determine its value when

w = u + s below.

Proposition 5.30. When w = u + s, we have

a—b+u+s b—a+u+s
JS<Q7n;u757u+S;a7 ba C) = |: c—le—s :| |: 0_54_“ :| (57)
2

2
Proof. Let A € E,(¢q,n), B € Ey(q,n), and C € E.(q,n) satisfy ds(A, B) = u + s,
ds(A,C) = u, and ds(B, C) = s; hence dim(AN B) = ¢b-v=s dim(C'NA) = =,
and dim(C' N B) = 2=, Since ¢ = dim(C) > dim(C NA+ C N B) = ¢+ 2tbu=s

—s
2
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dim(CNANB) and dim(CNANB) < dim(ANB) = ¢t24=5 we CNANB = ANB
and C = CNA+CnNB. There are Ng(q, a, “+b;“_5, ate—u, C_g+5) choices for C'N A,

similarly, there are Ng(q,b, @H05u=s bi=s c=atu) choices for C'N B. Thus, there

a—b+u+s b—a+tu+ts
c—b+s c—a+tu
2 2

choices for C. OJ

atb—u—s atc—u c—b+s atb—u—s bt+c—s c—atu
)NS((L ba )

are NS(Q? a, 2 [ R T 2 y T 9 9T 9

It is easy to show that Js(q,n;u,s,u + s;a,b,¢) = 0 when v > min{a + ¢,a +

2b—c}, s > min{b+c¢,2a +b—c}, or u+ s> min{a + b,n}.

5.4.2 Packing properties of subspace codes with the sub-

space metric

We are interested in packing subspace codes used with the subspace metric. The
maximum cardinality of a code in F(g,n) with minimum subspace distance d is
denoted as Ag(q,n,d). Since As(q,n,1) = |E(q,n)|, we assume d > 2 henceforth.
We can relate As(q,n,d) to Ac(q,n,r,d). For all J C {0,1,...,n}, we de-
note the maximum cardinality of a code with minimum subspace distance d and

codewords having dimensions in J as As(q,n,d,J). For 2 < d < 2v, we denote

Ro={[2].[4] +1....n— 4]},

Proposition 5.31. Forn=d =2v+1, As(q,2v+ 1,2v+1) =2 and for 2 < d <
2v, As(q,n,d) < As(q,n,d, Ry) + 2. Also, we have MAX[ 4] < <, Ac(g,n,r, {ﬂ) <
dl<r<

2
As(q,n,d> S 2+ Z’I’ERd AC(Q? n,r, [g—l)

Proof. Let C be a code in F(q,n) with minimum subspace distance d. For C, D € C,
we have dim(C) + dim(D) > ds(C, D) > d; therefore there is at most one codeword

with dimension less than 2. Similarly, dim(C) + dim(D) < 2n—ds(C, D) < 2n—d,
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therefore there is at most one codeword with dimension greater than Q”T_d. Thus
As(g,n,d) < As(q,n,d, Rq) + 2 for d < 2v and As(q,2v + 1,2v 4+ 1) < 2. Since the
code {{0}, GF(¢)*™} has minimum subspace distance 2v+ 1, we obtain Ag(q, 2v +
1,2v+1)=2.

A CDC in FE,(¢,n) with minimum injection distance (g-‘ has minimum sub-
space distance > d, and hence Ac(q,n,r, [g}) < As(g,n,d) for all . Also, the
codewords with dimension r in a code with minimum subspace distance d form
a CDC in E,(¢,n) with minimum distance at least HL and hence Ag(q,n,d) <
As(g,n,d, Rg) +2 <2+ cp Aclg n,r, [4]). O

The relation between As(q,n,d) and Ac(q,n,r,d) is tightened in Proposition 5.32

below.

Proposition 5.32. For2 < d <2v and (%ﬂ <r<v,

Ky T e (g )
< AS(Q: n, d)
-1 (V—?")(V—T-‘r[gw—l) d
<2Kq qu 2 AC q,n,r, 5 (58)
where Ny =32 q~".
Proof. By Proposition 5.31 and (4.5), we have Ag(q,n,d) > Ac(q,n,v, (%ﬂ) >
q("_”)(”_(%b > qu("_’")(y_”r(%}_l)Ac (q,n,r, [g}) Proposition 5.31, (4.5), and
Corollary 2.3 also lead to
As(gn.d) < 242K, Y gemne-[g]+D
=T
< 242K, Ng e E [+
d
< 2 N e (g [5]) 69)
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where (5.9) follows (4.5). O

Proposition 5.32 indicates that CDCs with constant dimension half of n are opti-
mal subspace codes up to a scalar. Therefore, CDCs can be used for error correction
with random linear network coding with a limited rate loss. The bounds above help
us determine the asymptotic behavior of Ag(q,n,d). The rate of a subspace code

. log, |C|
C C E(q,n) is defined as oz, 1B’

the subspace level. This differs from the rate introduced in [9] for CDCs, where the

which can be seen as a combinatorial rate at

amount of data sent by each codeword is considered, and which seems appropriate
for CDCs only. On the other hand, we believe our rate is more appropriate to com-
pare general subspace codes, since all the subspaces are treated equally, regardless

of their dimension. Using the normalized parameter d’ aof %, the asymptotic rate

log, As(q,n,d)

as<d/) — hm SuanOO m

can be easily determined from Proposition 5.32 and

Lemma 5.24.
Proposition 5.33. For 0 <d' <1, ag(d)=1-4d'.

On the other hand, Proposition 5.32 also indicates that using CDCs with dimen-

sion r < v leads to a decrease in rate on the order of (1 — 2r')(d' + 1 — 2r’), where

/ r
r==I.
n

The lower bound in Proposition 5.31 can be tightened by adapting the algorithm

used in the proof of the Gilbert bound for the Hamming metric.

Proposition 5.34. For all q, n, 2 < d < n, and any permutation © of {0,1,...,n},
there exists a code in E(q,n) with minimum subspace distance d and Ay codewords

with dimension w(r) for 0 <r < n, where Ayo) = Ac (¢,n,7(0), [£]) and

) { {[ﬂa)} — 3io Ar) Seco Ns( (), 7(r), ﬂ }
() = max < 0, - .
Seco Ns(m(r), m(r), )

(5.10)
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Proof. We show that there exists such a code by recursion on r. First, for r = 0,

this follows from the definition of Ag (q, n,7(0), (%ﬂ ) Second, suppose there exists a

code with minimum subspace distance d and A, ;) codewords with dimension (1) for

0 <1< r—1. These codewords cover at most N = >/_] A ZZ;(I) Ns(m(1),m(r),e)

; ; . < [m [:]71\[
subspaces of dimension 7(r). If N < M, we can select at least [ZL& Ne () (’”)’e)w
O

codewords with dimension 7(r).

Although the bound in Proposition 5.34 holds for any permutation 7, we remark
that not all choices for 7 lead to tight bounds. However, choosing 7(0) to maximize
Az o) leads to a tighter bound than the one in Proposition 5.31.

We finally compare our lower bounds on Ag(q,n, d) to the Gilbert bound in [61].
The latter shows that As(q,n,d) > %, where the average is taken over all
subspaces in F(q,n). Using the bounds on Vs(r,d — 1) in Proposition 5.27, it can
be shown that this lower bound is at most 2K;1qu%q”(”_”)_%(d_l)(%_d“). On the
other hand, Proposition 5.31 and (4.5) yield Ag(q,n,d) > ¢#()=3(d=D+1) - The

d—1)(n—d)

ratio between our bound and the Gilbert bound is hence at least %K oN, 1qi( :

Therefore, our bounds outperform the Gilbert bound for nontrivial cases.

5.4.3 Covering properties of subspace codes with the sub-

space metric

We now consider the covering properties of subspace codes with the subspace metric.
The subspace covering radius of a code C C E(q,n) is defined as maxy e g(g,n) ds(U, C).
We denote the minimum cardinality of a subspace code in E(q,n) with subspace
covering radius p as Ks(q,n,p). Since Ks(q,n,0) = |E(q,n)| and Ks(q,n,n) = 1,

we assume 0 < p < n henceforth. We determine below the minimum cardinality of
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a code with subspace covering radius p > v.
Proposition 5.35. For v < p <n, Ks(q,n,p) = 2.

Proof. For all V € E(q,n) there exists V such that V & V = GF(q)" and hence
ds(V, V) = n. Therefore, one subspace cannot cover the whole E(g,n) with radius
p < n, hence Ks(q,n,p) > 1. Let C = {{0}, GF(q)"}, then for all D € E(q,n),
ds(D,C) = min{dim(D),n — dim(D)} < v. Thus C has covering radius v and
Ks(q,n,p) <2 forall p>wv. O

We thus consider 0 < p < v henceforth. Proposition 5.36 below is the sphere

covering bound for subspace codes with the subspace metric.

Proposition 5.36. For all ¢, n, and 0 < p < v, Ks(¢,n,p) > min) ., A;, where
the minimum is taken over all integer sequences {A;} satisfying 0 < A; < m for

all 0 <i<nand Y ! A >0 o Ns(i,r,d) > ["] for0<r <n.

Proof. Let C be a subspace code with covering radius p and let A; denote the number
of subspaces with dimension 7 in C. Then 0 < A; < m for all 0 <7 < n. All sub-
spaces with dimension r are covered; however, a codeword with dimension ¢ covers
exactly > 7_, Ns(i,r, d) subspaces with dimension r, hence Y A; 5 Ns(i,r,d) >

mforogrgn. O
We now derive upper bounds on Ks(q,n, p).

Proposition 5.37. For all ¢, n, 0 < p <wv, Ks(q¢,n,p) <2+23°7_ ., k|, where

k, =
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Proof. We show that there exists a code with cardinality 2 + 23" |k, | and

r=p+1
covering radius p. We choose {0} to be in the code, hence all subspaces with
dimension 0 < r < p are covered. For p+1 < r < v, let A be the m X [:p}
binary matrix whose rows represent the subspaces U; € E,(q,n) and whose columns
represent the subspaces V; € E,_,(¢,n), and where a; ; = 1 if and only if ds(U;, V;) =

p. Then there are exactly Ng(r,7—p, p) = [;] ones on each row and Ns(r—p,r, p) =

["_;J”’} ones on each column. By [37, Theorem 12.2.1], there exists an ["] x [, ]
submatrix of A with no all-zero rows. Thus, all subspaces of dimension r can
be covered using | k.| codewords. Summing for all 7, all subspaces with dimension

0 <r < v can be covered with 1+ " k.| subspaces. Similarly, it can be shown

r=p+1 L
that all subspaces with dimension v+1 <1 <n can be covered with 1+3 ", [, |

subspaces. O

We remark that the upper bound in Proposition 5.37 can be further tightened by
using the greedy algorithm described in [51,82]. We now give an explicit construction

of a subspace covering code.

Proposition 5.38. Forallg, n, and0 < p <w, let J; ={0}U{v—p—|

2p+1J(

1),...,v=3p—1lv—pland o ={ntU{n—v+p+ |=5]2p+1),...,n —v+

2p+1

3p+ 1,n—v+ p}. Then the code | J E.(q,n) has subspace covering radius p,

reJiUds

and hence Ks(q,n,p) < ZréJlUJQ m

Proof. We prove that | J ., E.(q,n) covers all subspaces with dimension < v. First,

reJi

all subspaces Dy € E(g,n) with dimension 0 < dim(Dy) < v—2p—[3-5](2p+1) < p
are covered by the subspace with dimension 0. Second, for all D, € E(q,n) with
dimension v — 2p —i(2p+ 1) < dim(D;) < v —p —i(2p+ 1), there exists C; with
dimension v — p — i(2p + 1) such that D; C . Thus ds(Cy, Dy) = dim(Cy) —
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dim(D;) < p. Similarly, for all Dy € E(g,n) with dimension v — p —i(2p + 1) <
dim(Ds) < v —i(2p+ 1), there exists Cy with dimension v — p —i(2p + 1) such that
Cy C Dy. Thus ds(Cy, Dy) = dim(Dy) — dim(Cy) < p. Therefore, |, o, Er(q,n)
covers all subspaces with dimension < v. Similarly, all the subspaces with dimension

> n — v are covered by U, ;, Er(q,n). O

Using the bounds derived above, we finally determine the asymptotic behavior

of Ks(q,n,p). We define kg(p') = liminf w, where p = 2.

N0 log, |E(g,n)|

Proposition 5.39. For 0 < p' <1, ks(p/) =1—2p". For i <p' <1, ks(p/) =0.

Proof. By Proposition 5.35, ks(p/) = 0 for 1 < p < 1. Let C be a code with
subspace covering radius p < v and for 0 < [ < n, let A; denote the number of
codewords in C with dimension [. All the subspaces in E,(q,n) are covered, hence
] < oAy Ns(l,v,d). Using Lemma 5.26, we obtain > %_, Ns(l,v,d) <
K;Qqu”(”*”) for all I, and hence 7] < K;Qqup(”*")|C| . Therefore Ks(q,n,p) >

K qu_lq(”_”)(”_p), which asymptotically becomes kg(p') > 1 —2p'.

Also, by Proposition 5.37, it can be easily shown that Kg(q,n,p) < 2+ (n +
D[1—In K;+p(n—p—1)Ing] K 1 q" ¥~ which asymptotically becomes ks(p') <
1—2p. O
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5.5 Properties of subspace codes with the injec-

tion metric

5.5.1 Properties of balls with injection radii

We first investigate the properties of balls with injection radii in F(q,n), which will
be instrumental in our study of packing and covering properties of subspace codes

with the injection distance.

Lemma 5.40. The number of subspaces with dimension s at injection distance d
from a subspace with dimension r is given by Ny(r, s,d) = Ng(r, s,2d—|r—s|). Hence,
Ni(r,s,d) = ¢+ [ "7 ] forr > s and Ny(r,s,d) = ¢%@r=9[ .7 J[")"] for

r<s.

Proof. It U € E,(q,n) and V' € E,(q,n), then di(U, V') = d if and only if ds(U, V) =
2d — |r — s|. Therefore, Ni(r,s,d) = Ng(r,s,2d — |r — s|), and the formula for

Ny(r, s,d) is easily obtained from Lemma 5.25. O

Hence Ni(r,s,d) = ¢q¥4=°) m [Z:‘ﬂ, where § = |r — s| and w = r if r > s and

w = n —r otherwise. We denote the volume of a ball with injection radius ¢ around
a subspace with dimension r as Vi(r,t) o S oS Ni(r, s,d). We derive bounds

on Vi(r,t) below.
Proposition 5.41. For all ¢, n, v, and t < v, ¢ < Vi(r,t) < N,(2N, —

K, 2¢""Y, where Ny = Y52, g v

The proof of Proposition 5.41 is given in Appendix 7.4.5. We remark that the
bounds in Proposition 5.41 are tight up to a scalar, which will greatly facilitate our

asymptotic studies of subspace codes with the injection metric. Also, these bounds
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do not depend on r, which differs from the bounds on the volume of a ball with
subspace radius in Proposition 5.27. This illustrates a clear geometric distinction
between the two metrics.

We now prove a technical upper bound on the volume of spheres, which will be

instrumental in Section 5.6.2.

Lemma 5.42. For allr and s, let = |r —s| andw =7r ifr > sandw =n—r

otherwise. Then for all t < min {r + s, %}, Z;ZO Ni(r,s,d) < K;Qqug(t), where

gd)=dn+6—d) —6(n—w+6) and N, =32, q7".

Proof. We have Ni(r, s,d) = ¢~ [<][""%] < K_2¢%“¥ by Corollary 2.3, and hence

th:() NI(T, s, d) < K;2qg(t) Z::O qfi(n+572t+i) < qu2qg(t)Nq' 0
For all A € E,(q,n),B € Ey(q,n), we denote Ji(q,n;u,s;A,B,c) = |[{C €

E.(q,n): di(A,C) = u,d(B,C) = s}|. Proposition 5.43 below is the counterpart of

Theorem 5.28 for the injection metric.

Proposition 5.43. For all A € E,(¢,n),B € Ey(q,n) with di(A,B) = w, we

have Ji(q,n;u,s; A, B,c) = Js(q,n;2u — |a — ¢|,2s — |b — ¢|,2w — |a — b|;a,b,¢c) =

Ji(q,n;u, s,w;a,b,c).

Proof. Forany C € E.(q,n), di(A,C) =wand di(B,C) = sifand only if ds(A, C) =

2u—|a—c|and ds(B,C) = 2s—|b—c|. Therefore, Ji(q,n;u,s; A, B,c) = Js(q,n; 2u—

la—c|,2s —|b—c|; A, B, c) = Js(¢,n;2u— |a —¢|,2s — |b—¢|,2w — |a — b|; a, b, ¢) by

Theorem 5.28, which is a function of ¢, n, u, s, w, a, b, and c. O

Corollary 5.44. For all parameter values,
Ni(a,b,w)Ji(q,n;u, s,w;a,b,c) = Ni(a,c,u)Ji(q,n;w,s, u;a,cb), (511)

ZJI(QJH;U757w;a7ba C) - Nl(b7 C,S). (512>

u=0
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The proof of Corollary 5.44 is similar to that of Corollary 5.29 and is hence
omitted. Although the value of Ji(q,n;u,s,w;a,b,c) is unknown in general, we
have Ji(q,n;u, s,w;a,a,a) = Jo(q,n,a,u,s,w). We also determine a special value

below.

Proposition 5.45. For all v < min {max{a,c}, ?’a_+‘“_c|}, s < min { max{a, c},
3a_+‘a_cl}, such that u+ s — |a — ¢| < min{a, 2}, Ji(g,n;u, s, w;a,a,¢) = 0 for
w>u+s—l|a—cl and

u—i—s—]a—cq {u+s—|a—c\

J1<q,n;u,s,u+s—\a—c|;a,a,c>:[ ]

}. (5.13)

S

Proof. By Proposition 5.43, Ji(q,n;u, s, w;a,a,c) = Js(q,n;2u — |a — c|,2s — |a —
c|,2w;a,a,c). For w > u+ s — |a — c|, we have 2w > 2u — |a — ¢| + 2s — |a — ¢,
and hence Js(q,n;2u — |a — ¢|,2s — |a — ¢|,2w;a,a,¢) = 0. (5.13) then follows
Proposition 5.30. O]

5.5.2 Packing properties of subspace codes with the injec-

tion metric

We are interested in packing subspace codes used with the injection metric. The
maximum cardinality of a code in E(g,n) with minimum injection distance d is
denoted as Aj(q,n,d). Since Aj(q,n,1) = |E(q,n)|, we assume d > 2 henceforth.
When d > v, the maximum cardinality of a code with minimum injection dis-
tance d is determined and a code with maximum cardinality is given. For all
J € {0,1,...,n}, we denote the maximum cardinality of a code with minimum
injection distance d and codewords having dimensions in J as Aj(¢q,n,d,J). For

2 <d<v,wedenote Qg ={d,d+1,...,n—d}.
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Proposition 5.46. For d > v, Ai(q,n,d) = 2 and for 2 < d < v, Ai(¢,n,d) =
AI(Qa n, d7 Qd) +2.

Proof. Let C be a code in E(g,n) with minimum injection distance d and let C, D €
C. We have max{dim(C), dim(D)} = d;(C, D) 4+ dim(C' N D) > d, therefore there is
at most one codeword with dimension less than d. Also, min{dim(C), dim(D)} =
dim(C + D) — di(C, D) < n — d, therefore there is at most one codeword with
dimension greater than n — d. Thus A;(g,n,d) < 2 for d > v and Aj(qg,n,d) <
Ar(g,n,d,Qq) +2 for d < v. Also, adding {0} and GF(¢)" to a code with minimum
distance d < v and codewords of dimensions in (); does not decrease the minimum
distance. Thus Aj(q,n,d) = Ai(g,n,d,Q4) + 2 for d < v. Similarly, the code
{{0}, GF(¢)"} has minimum distance n and hence Aj(q,n,d) =2 for d > v. O

Lemma 5.47 below relates Aj(q,n,d) to As(q,n,d) and Ac(q,n,r,d).

Lemma 5.47. For all q, n, and 2 < d < v, As(q,n,2d — 1) < Ai(g,n,d) <
AS(Q7n7d> and fOT d 2 %; AI(Q)n)d) S AS((L n, 4d — n, Qd) + 2. AZSO;

n—d
max Ac(g,n,,d) < Ailg,n,d) <2+ z; Ac(g,n, 7, d).

Proof. A code with minimum subspace distance 2d — 1 has minimum injection dis-
tance > d by (4.4) and hence As(q,n,2d — 1) < Ai(g,n,d). Similarly, a code
with minimum injection distance d has minimum subspace distance > d and hence
Ai(g,n,d) < As(q,n,d).

Let C be a code with minimum injection distance d whose codewords have di-
mensions in Q4. For all codewords U and V', ds(U,V) = 2d;(U,V) — | dim(U) —
dim(V)| > 2d — (n — 2d). Thus C has subspace distance 4d —n > d for d > %,
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and hence Ai(q,n,d,Qq) < As(q,n,4d — n,Q,). Proposition 5.46 finally yields
Ar(g,n,d) = A1(q,n,d,Qq) + 2 < As(q,n,4d — n, Q) + 2.

Any CDC in E,(gq,n) with minimum distance d is a subspace code with minimum
injection distance d, hence Ac(q,n,r,d) < Ai(q,n,d) for all r. Also, the codewords
with dimension r in a subspace code with minimum distance d form a CDC in
E.(g,n) with minimum distance at least d, hence Aj(q,n,d) = Ai(q,n,d,Qq) + 2 <
2+ Y0 Aclg,n, 7, d). O

Proposition 5.48. For2 <d<r <v,

0D A (g,n, 1 d) < Agm,d) < 267 Nyg® 0D A (g,m, v, d).
(5.14)
where Ny = > "

The proof of Proposition 5.48 is similar to that of Proposition 5.32 and is hence
omitted. Proposition 5.48 indicates that CDCs with constant dimension half of n
are optimal subspace codes with the injection codes up to a scalar. Therefore, these
codes can be used for either error correction with network coding and for error
correction against adversarial channels. We can hence determine the asymptotic

logg Ailgnrd) ¢ o subspace code used with the

maximum rate aj(d’) = limsup,,_, T BT
q )

injection metric.
Proposition 5.49. For 0 < d < %, ar(d)=1-2d. For% <d <1, g(d') =0.

Proposition 5.48 also indicates that using CDCs with dimension r leads to a

v—r+d—1)

decrease in cardinality on the order of ¢~ , i.e., a decrease in rate on the

order of (1 —2r")(2d' + 1 — 217).
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We finish our discussion of packing subspace codes with the injection metric
with more bounds on Aj(g,n,d). Proposition 5.50 below is the analogue of Propo-

sition 5.34 for the injection metric and its proof is hence omitted.
Proposition 5.50. For all q, n, 2 < d < v, and any permutation m of {0,1, ... ,n},
there exists a code with minimum injection distance d and Ayq) codewords with

dimension m(r) for 0 < r < n, where Ay = Ac(q,n,m(0),d) and

(5.15)

4 { { [ntr] = X020 Avi Xoimg Ma((0), (1), ﬂ }
x(r) = max ¢ 0, ) .
Ze:O NI(W(T)7 7T(7”>, 6)

By extending the puncturing of subspaces introduced in [9], we finally derive

below a Singleton bound for injection metric codes.

Proposition 5.51. For all g, n, and 2 < d <v, Ai(q,n,d) < Ai(¢,n—1,d—1) <

St

Proof. We define the puncturing H(V) from E(gq,n) to E(q,n — 1) as follows.
First, we fix W, a subspace of GF(q)" of dimension n — 1. If dim(V) = 0, then
dim(H(V)) = 0; otherwise, if dim(V) = r > 0, then H(V) is a fixed (r — 1)-
subspace of VNW. For all U,V € E(q,n), it is easily shown that di(H (U), H(V)) >
di(U,V) —1, and hence H{U) # H(V) if di(U, V') > 2.

Therefore, if C is a code in E(g,n) with minimum injection distance d > 2, then
{H(V):V €C}is acode in E(g,n — 1) with minimum injection distance > d — 1
and cardinality |C|. The first inequality follows. Applying it d — 1 times yields
Ai(g,n,d) < Arlgn —d+1,1) = S0 [, O

r
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5.5.3 Covering properties of subspace codes with the injec-

tion metric

We now consider the covering properties of subspace codes with the injection metric.
The injection covering radius of C C E(q,n) is defined as maxycpgn) di(U,C). We
denote the minimum cardinality of a subspace code in E(q, n) with injection covering
radius p as Ki(q,n,p). Since Ki(q,n,0) = |E(g,n)| and Ki(¢q,n,n) = 1, we assume
0 < p < n henceforth. When p > v, we determine the minimum cardinality of a

code with injection covering radius p.

Proposition 5.52. Forn —v < p < n, Ki(q,n,p) = 1. If n = 2v + 1, then
Ki(q,2v+1,v) =2.

Proof. Let C' be a subspace with dimension v. Then for all D; with dim(D;) <
dim(C), we have di(C,D;) < dim(C) = v by (4.2); similarly, for all D, with
dim(Dy) > dim(C) + 1, we have di(C, Dy) < n —dim(C) =n — v by (4.3). Thus C
covers E(gq,n) with radius n — v and Ki(g,n,p) =1forn —v < p <n.

If n = 2v + 1, then it is easily shown that {C,C*} has covering radius v,
and hence Ki(q,2v + 1,v) < 2. However, for any D € E(q,2v + 1), then either
di({0}, D) > v or di(GF(q)", D) > v. Thus no subspace can cover the projective

space with radius v and Ki(q,2v + 1,v) > 2. ]

We thus consider 0 < p < v henceforth. Lemma 5.53 relates Ki(q,n,p) to

Ks(q,n, p) and Kc(q,n,7,p).

Lemma 5.53. For all ¢, n, and 0 < p < v, Ks(q,n,2p) < Ki(q,n,p) < Ks(q,n,p)

and Ki(q,n,p) <2+ Z;:;:ll Kc(g,n,r,p).
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Proof. A code with injection covering radius p has subspace covering radius < 2p,
hence Ks(q,n,2p) < Ki(q,n,p). Also, a code with subspace covering radius p has
injection covering radius < p, hence Ki(q,n,p) < Ks(g,n, p). The last inequality is

trivial. O

Proposition 5.54 below is the analogue of Proposition 5.36 for the injection met-
ric.
Proposition 5.54. For all ¢, n, and 0 < p < v, Ki(q,n,p) > miny . , A;, where
the minimum is taken over all integer sequences {A;} satisfying 0 < A; < m for

all 0 <i<nand Y ¢ o A Y0 o Niiyr,d) > [7] for 0<r <n.

Proposition 5.55 below parallels Proposition 5.37. Its proof is a direct application

of [37, Theorem 12.2.1], and is hence omitted.

Proposition 5.55. Ki(q,n,p) < — 2011 4 In (maxo<,<, Vi(r, p))].-

- minOSrSn Vi (T»p)

We finally determine the asymptotic behavior of Ki(q,n, p) by using the asymp-

log, K1(q,n,p)

totic rate ki(p’) = liminf, Tog, [E(@n)]
q b

Proposition 5.56. For 0 < p' < 1, ki(p') = (1 —2p/)% For 1 <p' <1, k(p)) =0.

Proof. By Proposition 5.52, ki(p/) = 0 for § < p/ < 1. We have Ki(q,n,p) >

n Kg v(n—v)—p(n— i :
mafoT(z;‘)/'i(r,p) > N4 (n=v)=p(n=p) by Lemma 5.24 and Proposition 5.41. This

asymptotically becomes ki(p') > (1 — 2p/)? for 0 < p/ < 4. Similarly, Proposi-

tion 5.55, Lemma 5.24, and Proposition 5.41 yield
Ki(g,n,p) < 2K;1qu”(”_”)_p("_p) [1 4 In(Ng(2N, — 1)K %) + p(n — p) Inq]
which asymptotically becomes ki(p') < (1 —2p')? for 0 < p' < 1. O

Proposition 5.56 shows that asymptotically optimal covering codes in the injec-

tion metric can be constructed from covering CDCs.
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5.6 DEP of CDCs used over a symmetric operator

channel

5.6.1 DEP of CDCs using a bounded subspace distance de-

coder

We study the DEP of a CDC in FE,(q,n) using a bounded subspace distance de-
coder in E(q,n) over a symmetric operator channel, defined below. Without loss
of generality, we assume 2r < n as in [9]. An operator channel is a channel where
the inputs and outputs are subspaces in E(g,n). As assumed in [9], the channel
may erase some dimensions of the transmitted subspace as well as inject some er-
roneous dimensions. We refer to these as erasures and errors, respectively. If the
input has dimension r and € errors and p erasures occur, the output has dimension
v =1 — €+ p and is at subspace distance u = € + p from the input. We refer to an
operator channel as a symmetric operator channel when all outputs corresponding
to € errors and p erasures are equiprobable. Since the dimension of the output and
its subspace distance from the transmitted subspace are both determined by e and
p, a symmetric operator channel implies that all outputs with the same dimension

and at the same subspace distance from the input are equiprobable, and vice versa.

The code C € E,(q,n) has minimum subspace distance 2d, and given any sub-
spaces at subspace distance up to d — 1 from the codeword, a bounded distance
decoder will produce the codeword. Thus, the DEP of the bounded distance de-
coder depends on both € and p, or equivalently on both v and v. The bounded
subspace distance decoder will result in a failure when v < r—d+1orv >r+d—1.

The DEP depends on both € and p, or equivalently on both u and v. The decoder
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decodes correctly if and only if v < d — 1, and returns a failure for u = d. The DEP
when v > d+1 and r—d+1 < v < r+d—1 is based on the distance distribution of the

code, denoted as A,,(C)=|{D € C:di(D,C) =w}| = |{D €C:ds(D,C) =2w}|.

Proposition 5.57. Whenu >d+1 andr—d+1<v <r+d—1, the DEP of
a bounded subspace distance decoder for a CDC in E,.(q,n) with minimum subspace
distance 2d over a symmetric operator channel is given by

d—1

1 T
= " E E ; ) . '1
Ps(Cu,v) Ng(r,v,u) wdAw(C) el s 2w ) 10

s=0

Furthermore, if the CDC is the lifting of a rank metric code, then

r

1 r
Ps(I(C e _ —d+1
S( ( )7U7U> = NS(T,”U,U)%[U}]&(H r,w + )
d—1
ZJS(Q,H;U,S,ZLU;T, 7",’0) (517)
s=0
< K 3Lyq 7, (5.18)

where T = d_LQU_T.

Proof. We have Ps(C,u,v) = %, where D(C,u,v) is the number of decodable
subspaces with dimension v and at subspace distance u from C. For a codeword
C" at subspace distance 2w from C', there are exactly Zg;é Js(q,n;u, s, 2w;r,r,v)
subspaces with dimension v, at distance u from C, and at distance < d — 1 from C’
by Theorem 5.28. Summing for all C’, we obtain (5.16).

Let I(C) be the lifting of a rank metric code C in GF(q)"™*™ ). For C € C,
{ID—-C):D € C,dg(D,C) = w} is the lifting of a CRC in GF(¢g)"*"") with
minimum rank distance at least d and rank w, and hence A, (I(C)) < Agr(q,n —
ror,d,w) < []a(n —r,w — d+ 1) by Proposition 4.11, which leads to (5.17). By
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(4.21),
A,(1(C)) < Kq_lq_(”_r)(d_l)]\fs(r, T, 2w). (5.19)
We obtain
T d—1
Js(q,m; 2w, s, u;r, v, r)
Py(I(C = A, (I(C 5.20
S( ( ),u,v) 1; ( ( )) g Ns(T’,T’,2w) ( )
r d—1
< Kq_lq_(”_r)(d_l) Js(q,n; 2w, s,u;r,v,r)  (5.21)
w=d s=0
d—1
< Kq_lq_(”_”(d_l) Ns(v, 7, s) (5.22)
s=0
< K;3qu%(2“”*%)*%(”*2’“*v?), (5.23)

where (5.20), (5.21), (5.22), and (5.23) follow (5.5), (5.19), (5.6), and Lemma 5.26,

respectively. O

We remark that the bound in (5.18) is trivial for v = r —d + 1 or r = % and
v =% —d+ 1. This is due to the fact that CDCs in E,(q,n) with minimum sub-
space distance 2d and maximum cardinality produce asymptotically tight packings
of Er_at1(¢q,n), and CDCs in E=(g,n) with maximum cardinality produce asymp-
totically tight packings of Ex_411(q,n).

We now show that liftings of MRD codes have the highest DEP among all liftings
up to a scalar in all nontrivial cases. We denote the DEP of the lifting of an MRD

code in GF(q)™ ™) with minimum rank distance d as Ps vrp (4, 0).

Corollary 5.58. Let C be any rank metric code in GF(q)™ ™) (r < n —r) with
manimum rank distance d and let C € C. Thenifqg>2, r<n—r, ord#n—r—1,

Ps(1(C),u,v) < HyPs yrp(u,v), where Hy = 3.5 and H, = Z%; for g > 2.

The proof of Corollary 5.58 is similar to that of Corollary 4.25 and is hence

omitted. If the probability that the received subspace is at subspace distance u from
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the sent codeword decreases rapidly with u, then the overall DEP is dominated by
Ps(C,d + 1,v). Proposition 5.59 below determines this value, and shows that it

asymptotically reaches the upper bound in (5.18) for liftings of MRD codes.

Proposition 5.59. The DEP of a CDC'in E,(q,n) with minimum subspace distance
2d using a bounded subspace distance decoder over a symmetric operator channel,
provided the received subspace is at subspace distance d + 1 from the sent codeword,

18 given by

L4
Ps(C,d+1,v) = ¢~ 0+ i rtle

Aq(C). 5.24
Al o

In particular, the DEP of the lifting of an MRD code satisfies Psyrp(d + 1,v) >

2 —1(n—r—v+7
Kq ( ).

The proof of Proposition 5.59 is similar to that of Proposition 4.26 and is hence
omitted. Proposition 5.59 and (5.18) indicate that when the received subspace has
dimension v < 7, the DEP of a lifting of an MRD code in GF(g)"™*™") with mini-
mum rank distance d is on the same order of that of its puncturing in GF(q)"* ="

with minimum distance d +v — r.

We remark that on a symmetric operator channel, all outputs with the same
dimension and at the same subspace distance from the input are equiprobable.
Note that if we assume that all channel outputs with the same distance to the
transmitted subspace are equiprobable, it implies a symmetric operator channel

and thus the results derived above for the symmetric operator channel still hold.
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5.6.2 DEP of CDCs using a bounded injection distance de-

coder

We now study the DEP of a CDC using a bounded injection distance decoder over
a symmetric operator channel. Again since the dimension of the output and its
injection distance from the transmitted subspace are both determined by e and p,
a symmetric operator channel implies that all outputs with the same dimension
v =r+¢e— pand at the same injection distance y = max{e, p} from the input are
equiprobable, and vice versa.

The DEP of a bounded distance decoder depends on both 4 and v. The code
has minimum injection distance d and can correct subspaces at injection distance
up to t = \_%J from the codeword. As a result, the bounded injection distance
decoder produces a failure if v <7 —1t¢ or v > r 4+ ¢. The decoder decodes correctly
if and only if © < ¢, and returns a failure for ¢t < y < d —t. We determine below

the DEP for p > d —t.

Proposition 5.60. The DEP of using a bounded injection distance decoder for
a CDC in E.(q,n) with minimum injection distance d over a symmetric operator
channel is given by Pi(C,u,v) =0 for u <d—t+|r —v| and
r t
1
PCuv) = ——-— A, (C Ji(q, n; p, s, w;r, v 5.25
H(Copt) = oy LAV S lai ) (52)

otherwise. Furthermore, if the CDC' is the lifting of a rank metric code, then

1 —~[r
PI([(C),,U,U) < mz {M}Oé(n —r,w—d+ 1)
i\r,v, u w=d
t
ZJI(Q7 nip, s, wsT,T, U) (526>
s=0
- Kq_gqu—t(n—Qr—5+t)—5(n—w+5)7 (5.27)
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where § = |r —v| and w =v if v > r and w = n — v otherwise.

Proof. The proofs of (5.25) and (5.26) are similar to those of (5.16) and (5.17),

respectively, and are hence omitted. Since Ni(r,r,w) = Ng(r,r,2w), (5.19) yields
Au(1(C)) < K g DNy (7, 7, w). (5.28)

We obtain

<
~

JI<Q> n;w,s, @ r,v, T)
NI(Ta r, ’UJ)

R(I(C),pv) = Y A,(C)) (5.29)

r t

< 1 —(n rd=1) Z JI q,n;w,s,,u;r,v,r) (530)

w=d s=0
t

< K;lg D ST N (o, 5) (5.31)
s=0

- ququqft(n 2r=b6+)=8(n—w+3) (5.32)

where (5.29), (5.30), (5.31), and (5.32) follow (5.11), (5.28), (5.12), and Lemma 5.42,

respectively. O]

We remark that p > d —t+ |r —v| is equivalent to min{¢, p} > d —t. Therefore,
Proposition 5.60 indicates that both d — t errors and d — t erasures have to occur
for the bounded injection distance decoder to decode erroneously.

We show below that liftings of MRD codes have the highest maximum decoder
error probability up to a scalar for nontrivial cases. We denote the DEP of the lifting

of an MRD code in GF(q)™ (™" with minimum rank distance d as Py ygp (i, v).

Corollary 5.61. Let C be a rank metric code in GF(q)™ ™) (r < n —r) with
manimum rank distance d and let C € C. Then ifqg > 2 orr <n—r ord #n—r—1,

B(I(C), p,v) < HyPimro(p,v), where Hy = 3.5 and Hy = =5 — for g > 2.
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The proof of Corollary 5.61 is similar to that of Corollary 4.25 and is hence
omitted. If the probability that the received subspace is at injection distance p from
the sent codeword decreases rapidly with pu, then the overall DEP is dominated by
P(C,d —t+ 6,v). Proposition 5.62 below determines this value, and shows that it

asymptotically reaches the upper bound in (5.27) for liftings of MRD codes.

Proposition 5.62. The DEP of a CDC in E,.(q,n) with minimum injection distance
d using a bounded injection distance decoder over a symmetric operator channel
provided the received subspace is at injection distance p = d —t + 6 from the sent
codeword s given by

[ %3] [7]
Lates] (7]
In particular, the DEP of the lifting of an MRD code satisfies Py yvrp(d—t+6,v) >

2 _—t(n—2r—0+t)—0(n—w+d
K2 )—b(n—w+6)

P(C,d —t+6,v) = g~ Dd-t+0) Aq(0). (5.33)

The proof of Proposition 5.62 is similar to that of Proposition 4.26 and is hence

omitted.
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Chapter 6

Conclusion and Future Work

Conclusion

In this dissertation, we investigated the properties of algebraic codes proposed for
error control in random linear network coding, namely rank metric codes, subspace
codes, and CDCs.

Chapters 2 and 3 investigated some fundamental properties of rank metric codes.
We studied the geometric problems of sphere packing and sphere covering in the rank
metric. We determined the solution to the sphere packing problem, and derived
the order of the solution to the sphere covering problem. These results provide
guidelines on the design of rank metric codes. We also derived the MacWilliams
identity and related identities for rank metric codes which parallel the binomial
and power moment identities derived for codes with the Hamming metric. These
identities are fundamental relationships between linear rank metric codes and their

dual.

In Chapter 4, we showed that the problem of determining the cardinality of an
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optimal CDC can be solved by studying constant-rank codes instead. Constant-rank
codes are also a useful tool to investigate the DEP of rank metric codes. We thus
showed that the maximum DEP of rank metric codes used over an equal row or
an equal column space channel decreases exponentially with 2, where ¢ is the error
correction capability of the code.

In Chapter 5, we investigated the geometric properties of CDCs and subspace
codes. We first constructed a new class of CDCs with cardinalities greater than
previously proposed CDCs, and investigated the covering properties of CDCs. We
then proved that optimal packing CDCs are nearly optimal packing subspace codes
for both metrics. However, optimal covering CDCs can be used to construct asymp-
totically optimal covering subspace codes only for the injection metric. We finally
determined the DEP of any lifting of a rank metric code over a symmetric operator
channel and showed that the liftings of MRD codes have the highest DEP among

all liftings up to a scalar.

Future work

Random linear network coding is a very promising means to efficiently propagate
information through a network. However, it is yet to be implemented for real-
life applications. Such implementation would certainly rise previously unconsidered
issues on the design of error control codes for random linear network coding. Also,
the error correction capability of an error control code depends on the given operator
channel. However, the characteristics of the operator channel depend on the network
and may change over time, and how to characterize the expected number of errors

and erasures due to the operator channel is still unknown.
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Our study of rank metric codes leaves many questions open. For instance, we
proposed a class of covering codes optimal up to a constant, but only for a limited
range of parameters. Outside this range, how to construct covering codes optimal
up to a scalar, or even whether the sphere covering bound is tight up to a scalar
remain open problems. In a broader sense, the elegance of the theory of the rank
metric and the already wide range of applications of rank metric codes suggest that
further applications and theoretic significance are still to be discovered for rank
metric codes.

Despite an intense research, CDCs remain a young research topic and hence still
offer many open problems. New constructions of packing and covering CDCs and
bounds on the cardinality of a CDC are crucial for code design. Also, the decoding
of previously proposed classes of CDCs is of the highest importance when it comes
to applications. Since the proposed constructions of CDCs are based on rank metric
codes, the decoding of rank metric codes is also important. Finally, the relation
between constant-rank codes and constant-dimension codes needs to be clarified in
order to further our understanding of the relation between CDCs and rank metric
codes.

Codes in the projective space are in many aspects a thought-provoking problem.
Many geometric properties typically encountered in coding theory, such as regularity
and distance-regularity, are absent in the projective space. However, we have shown
that the projective space offers some regularity, which should be clarified and if
possible, taken advantage of. The study of codes in the projective space may also

shed light on CDCs and on other coding theoretic problems.
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Appendix

7.1 Appendix of Chapter 2

7.1.1 Proof of Proposition 2.35

We first establish a key lemma.
Lemma 7.1. Ifz € Z and 0 < p < n, then |[AN By(z)| < Va(1) —¢" 7]

Proof. By definition of p, there exists ¢ € C such that dr(z,c) < p. By Proposi-
tion 2.22, | By(z) N B,_1(c)| gets its minimal value for dg(z,c) = p, which is ¢"~* []
by Proposition 2.25. A vector at distance < p — 1 from any codeword does not
belong to A. Therefore, Bi(z) N B,_1(c) C Bi(z)\A, and hence |A N By(z)| =

|Bi(2)] — [B1(2)\A| < V(1) — [Bi(2) N B,-1(c)|- B

We now give a proof of Proposition 2.35.
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Proof. For a code C with covering radius p and € > 1,

v = elg™ — eIVl = 1)] = (e = D [ICIVR(p) — "]

< €Al = (e-1[Z]

< €Al = (e—D]|ANZ| =¢lA\Z|+ |AN Z],

where (7.2) follows from |Z| < |C|Vk(p) — ¢™

v < Y EeBi@)+ Y Ee(Bi(a)

acA\Z acANZ

= 3" Ee(Bi(a)

acA

where (7.3) follows from Lemma 2.33 and |AN Z| < Ec(AN 2).

v <> > Ee({x})

acAxeBi(a)NZ

= Y > Ee({x})=>_|ANBi(x)|Ec({x}),

X€Z aeB;(x)NA X€Z

(7.1)

(7.2)

(7.3)

where (7.4) follows the fact that the second summation is over disjoint sets {x}. By

Lemma 7.1, we obtain

ngg( -0 [f]) ety
- - e
= (v - 7)) e - o,

Combining (7.5) and (7.1), we obtain the bound in Proposition 2.35.
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7.1.2 Proof of Corollary 2.36

For p =n—1, (7.5) becomes ¢ [¢™" — [C|Vr(n —2)] = (¢—1) [|C|VR(n — 1) — ¢"™"] <
(Va(1) =g 2["]']) (IC|V&(n—1) —g™). Substituting ¢ = a|C| — 3 and rearranging,

we obtain the quadratic inequality in Corollary 2.36.

7.1.3 Proof of Proposition 2.43

Given a radius p and a code C, denote the set of vectors in GF(¢™)" at distance

' Q1|P,(C)|. Let

> p from C as P,(C). To simplify notations, @ dof ¢ and p,(C) =
us denote the set of all codes over GF(¢™) of length n and cardinality K as Sk.
Clearly |Sk| = (g) The average value of p,(C) for all codes C € Sk is given by

’SK’ pr = |SK|Q le

CeSk CeSk

- 5T >

CeSk x€F|dr (x,C)>p

- |5K|Q 2 2 !

x€F CeSk|dr(x,C)>p

_ |5K|Q Z(Q I‘(/R( )> (7.6)

(75 /()

Eq. (7.6) comes from the fact that there are (Qf‘lg‘(p)) codes with cardinality K that
do not cover x. For all K, there exists a code C' € Sk for which p,(C’) is no more

than the average, that is:

ey < (9) (T8 <0 e,

+ 1 so that Klogg (1 —Q 'Vk(p)) < —1

- 1
Let us choose K = \\_ng(l—Q_lVR(p))J
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and hence p,(C') = (1 — Q" 'Va(p))" < Q. It follows that |P,(C)| < 1, and C’ has

covering radius at most p.

7.1.4 Numerical results

We now present the codes, obtained by computer search, that achieve the tight-
est upper bounds in Tables 2.1 and 2.2. The finite fields use the default gener-
ator polynomials from MATLAB [83]. First, the linear code used to show that
KRr(2,5,5,3) < 32 has a generator matrix given by G = (1, a, a?,0,0), where a is a
primitive element of GF(25). We use the skip-vector form [84] to represent the other
codes obtained by computer search. The skip-vector form of a code C = {c;} ;"
over GF(¢™)™ can be obtained as follows. First, each codeword c; € GF(¢™)" is
represented by an integer z; in [0,¢™" — 1] according to the lexicographical order.
Second, the integers x; are sorted in ascending order; the resulting integers are de-
noted as z. Third, calculate y; defined as yo = z(, and y; = «, — x,_, — 1 for
1 <i< K —1. Fourth, if y; = yi11 = ... = Yisx_1, then we write y.

Below are the codes obtained by the JSL algorithm.
Kr(2,2,2,1) =3 03
Kr(2,3,3,1) <16 52566215192058521225499845
Kr(2,4,3,2) <7 135 689 34 420 477 522 759
Kr(2,4,4,1) <722 For brevity, the details of this code are omitted. They are
available at http://arxiv.org/PS_cache/cs/pdf/0701/0701098v4 . pdf

Below is the code obtained by a local search algorithm.
Kr(2,4,4,2) < 48 1493 1124 265 285 1030 2524 1366 493 6079 968 2145 848
312 473 1307 712 1088 2274 1380 1114 1028 567 422 1462 699 203 180 4669 146 978
3933 1810 2083 345 354 659 1054 2314 1443 2660 2675 1512 756 1229 95 2144 1624
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1148

7.2 Appendix of Chapter 3

The proofs in this section use some well-known properties of Gaussian polynomials

42 [i] = L]y GIGT = BT 65 and
e =
]
— qgik—__ll {n ; 1] 79
= %[k:} (7.10)

7.2.1 Proof of Lemma 3.9

We consider homogeneous polynomials f(z,y;m) =", fiy'a" " and u(z,y;m) =
o owiy'x™" of degree r as well as g(z,y;m) = Z;:o g2 and v(z,y;m) =

> 5o vy’ of degree s. First, we need a technical lemma.

Lemma 7.2. If u, =0, then

i(u(m, y;m) xv(x,y;m)) = M s v(z,y;m). (7.11)

If vy =0, then

v(z,y;m)
—

;(U(fv,y;m) xv(r,y;m)) = u(z, qy;m) * (7.12)
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Proof. Suppose u, = 0. Then u(x’g;m) =0 Oluzy 2" 717% Hence
u(x, y;m) iy
» s X ls k,r+s—1—k
—_— %k —=
. (z,y;m) > (E ¢ w(m)vg—i(m l)>yw
k=0 =0
1

— E<u(x’ y;m) xv(z,y;m)).

Suppose vs = 0. Then T’y’m) Z‘lé vjyla*~179. Hence

r+s—1 k
v(w,y;m) I(s—1) 1 k_r+s—1—k
) . l
u(x, qy;m) " Z (Zq qu(m)vg_(m —1) | y"z

k=0

— i(u(% y;m) *v(z,y;m)).

We now give a proof of Lemma 3.9.

Proof. In order to simplify notations, we omit the dependence of the polynomials f
and g on the parameter m. The proof goes by induction on v. For v = 0, the result

is trivial. For v = 1, we have

[f () * g(x, )]V
= ﬁ [f(qz,y) * g(qz,y) — flqz,y) * gz, y)

+ flqz,y) * g(x,y) — fz,y) * g(z,y)]

= (q—;l)x [f(qz,y) = (9(qz,y) — g9(z,y)) + (f(qz,y) — f(z,y)) * g(z,y)]
= flqz, qy) * g(qx&gl_l)gf’ v) f(qx,(;/)_—lilfx,y) * g(z,y) (7.13)
= q f(z,y) * gV (z,y) + fV(z,y) * g(2,y), (7.14)

where (7.13) follows Lemma 7.2.
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Now suppose (3.2) is true for v = . In order to further simplify notations, we

omit the dependence of the various polynomials in x and y. We have

(f*g)®*
- [7] 1) (r— o—1)1(1)
_ l DT [0 4 @]
=0 L'
& _ﬂ_ v—I)(r— T— v— v—
_ l gD (q LRO) g g=1D) gD o l)) (7.15)
=0 L'
= P
_ : q(y+1—l)(r—l)f(l) « g(u—l+1) + Z L B J q(u-‘rl—l)(r—l—i—l)f(l) « g(u—l+1)
=0 - =1
- v pr11| Y oA1-1)(r— -
_ 4 gD Oy go=11)
l -1
=1
+ q(qul)rf >kg(l7+1) + f(17+1) % g
Pl
5 0 S ST o
_ { l }q( H0 (1) 0 o (0-11) (7.16)
1=0
where (7.15) follows (7.14), and (7.16) follows (7.7). O

7.2.2 Proof of Lemma 3.12

We consider homogeneous polynomials f(z,y;m) = i, fiy'a" " and u(x,y;m) =
> iouiy'a’"" of degree 1 as well as g(z,y;m) = Y0 g;y/2*7 and v(z,y;m) =

Z;:o vyl x*~9 of degree s. First, we need a technical lemma.

Lemma 7.3. If ug =0, then

1 .
;(U(% y;m)) * v(z,y;m)) = QSW «v(z,y;m — 1), (7.17)
If vg = 0, then
1 v(z,y;m)

(7.18)

;(U(x, y;m) * v(x,y;m)) = u(z, qy; m) *
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Proof. Suppose ug = 0. Then “(w’yy;m) = > ui "y Hence

r+s—1 k
Julz,y;m . . rrs—1-
q%*v(%y;m—l) = ¢ ) <§ qlul+1vk—z(m—1—l)>x+ hyE

k=0

r4s

= q Z (Zq ulvk l —Z)> xT‘FS*kykfl
k=1

(w(z, y;m) * v(z,y;m)).

< |-

Suppose vg = 0. Then ”(z’g;m) => :(1) vj12° Iyl Hence

r+s—1 k
v(x,y;m . a1
u(z, qy;m) * ovim) (Z ¢V w1 (m — l)) grs—lzkyk

y k=0 =0

r4s k—1
< qlsulkal(m _ l)) :L.T+sfkykfl

k=1 =0

MM

—_

= —(u(x,y;m) *v(z,y;m)).

<

We now give a proof of Lemma 3.12.

Proof. The proof goes by induction on v, and is similar to that of Lemma 3.9. For

v = 0, the result is trivial. For v = 1 we can easily show, by using Lemma 7.3, that

[f (@, y;m) xg(z, y;m)]™ = fz,y;m) =g (@, y;m) + ¢ F1 (@, y;m) x g2, y;m—1).
(7.19)

It is thus easy to verify the claim by induction on v. O]

7.2.3 Proof of Proposition 3.19

Proof. 1t was shown in [46] that the ¢-Krawtchouk polynomials are the only solutions

to the recurrence
Pia(i+Lm+1,n+1) = ¢ Py (i + 1ym,n) — ¢/ Py(iym, n) (7.20)
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with initial conditions P;(0;m,n) = [?]a(m, j). Clearly, our polynomials satisfy
these initial conditions. We hence show that P;(i;m,n) satisfy the recurrence

n (7.20). We have

o [i+1 n—1
{ ][j+1—l]< Digg" " Dalm+1—1,j+1-1)

Lo lj+1-1

L He L )

g a(n —i, 5+ 1—1) (7.21)
_ z L +1 l o l(n—t) o .
—E:l]j L+1 J(])qﬁ a(n—i,j+1-1)
+ZCJ’H {] _J (=1)'q"q" " Va(n —i,5+1 1)
=0

H—l m—1
|:l :| j+1-1 |: :| (_1)lq0'lql(n7i)oé(n o Z,j + 1 _ l)
J

1 1-1
1+ :||:m+ ‘|( 1)lqalql(n i) (n—Z,j+1—l)

+1-1

Hll }L%%} (=)l q ™ Da(n —i,5 +1—1), (7.22)
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where (7.21) follows (7.8). Let us denote the four summations in the right hand side
of (7.22) as A, B, C, and D respectively. We have A = ¢/t P; 1 (i;m,n), and

I e

=0

] . m—-1-1 , o -
o = S e T et ag i -

=0
—  _Jtn—i - il [m—1 1 I oy, l(n—i) i qm’j -1 794
q Z l ]_l ( )q q a(n %] )qm_l_17 ( )
=0
. L )

=i [m =1 o &
D — Tt -1 l o, lin— ) . _ ¢ -1 5

where (7.24) follows (7.9) and (7.25) follows both (7.9) and (7.10). Combining (7.23),
(7.24), and (7.25), we obtain

)

B+C+D = Y m {m_l}(—l)lqﬂql(” Da(n —i,j—1)

1=0 L
j l
. n—i+l _ j n—zq _q]_n—i ¢ —q
{q o~ T

= —¢P(i;m,n).

7.2.4 Proof of Proposition 3.22

Before proving Proposition 3.22, we need two technical lemmas.

Lemma 7.4. For all m, v, and [, we have
d Ny
o(m, v, j) = Z H )'q7ia(m —i,v) = a(v,j)a(m — j,v — j)¢"" ). (7.26)
i=0
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Proof. The proof goes by induction on j. The claim trivially holds for 5 = 0. Let

us suppose it holds for j = j. We have

g
s+ 1) = 3|7 ayragm i
=0
J+1 N -
= (ql [ﬂ + L i 1]) (—=1)'¢"a(m —i,v) (7.27)
i=0
J 5 j+1 j
= ;qz ( 1)zqaza(m—’i,l/)+;{l_l}( 1) —i,y)
L[ N
= S ¢ (~1iatm —iv) H( g a(m — 1 —i,v)
i=0 L] =0 !
5 _
_ 7 J Q.0 m—1—1
= > ¢ (=) alm—1—iv—1)g" (g
=0
= ¢"¢" = 1)d(m—1,v—1,))
= a(y’j+1)a(m_j_ 17]/_] 1) (J+1)(m—j—1)
where (7.27) follows (7.8). O

Lemma 7.5. For alln, v, and j, we have

O(n,v,j) Y i H {”_q =) (_1)lgota(v — 1,5 — 1) = (—1)7¢% [Z:ﬂ (7.28)

Proof. The proof goes by induction on j. The claim trivially holds for 7 = 0. Let
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us suppose it holds for j = j. We have

O(n,v,j+1)

j+1 = =

+1 —1- -

- [ l } [n ‘7] (=Dl alv -1, +1-1)

p v—1

5-‘1—1 — - -

: 11— -

_ Z ({J} + qj—‘,—l—l [ J }) [n ]] ql(n—u)(_1>lq01a(y —Lj+1- l) (7_29)

— [ [—1 v—1

Jors =

1 _ -

_ Z VARKL J ql(n—u)(_l)lqala(y - l)(qu—l _ q]—l)

P l v—1

e J n—1—j

G+l - ln=v)(_ 1\ o —li—=1l4+1 7.

e L e ae - g - e, (7.30)

where (7.29) follows (7.7). Let us denote the first and second summations in the

right hand side of (7.30) as A and B, respectively. We have

2= w-o X [Ty eaw -1 -0

=0
= (¢ —¢)0(n—1,v,j)

- n—l—j]

- -t T (7.31)

and

J g
_ i-1[J
5= %

J s -
jtn—v n—1- n—v o =
= "y m { . ﬂq“ (1) av — 11,7 1)
1=0 e
= —@"9(n—1,v—1,))

_ _qurnfu(_l)qu; |:n —-1- .7:| .
n—v

—1=93 B
} lz . _ﬂ gHDE=) (YL mg (1 - F — )

(7.32)
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Combining (7.29), (7.31), and (7.32), we obtain

n—1—v n—v
- i —1— = g —1 _
o _1 Jj+1 0541 n 2 _ n—v )
Al el R T e S W
: —1-
_ (_1>J+1q"3+1 {n o ‘7} , (7.34)
where (7.33) follows (7.10). O

We now give a proof of Proposition 3.22.

Proof. We apply the g~ '-derivative with respect to y to (3.10) v times, and we apply
x =y = 1. By Lemma 3.11 the LHS becomes

n

- v(1—i)+ou 2/, A = v(1-n)+o, i y(nfi)A‘
S A = LA (1)

i=v

The RHS becomes g™+~ > i—o Bivj(1,1), where

b, y) E [by(w, y;m) * an(x,y;m)]

| i <l =) 130

I
-
S IIMt
o

)80 80 =

=0

bz, y;m) xa(m — Ly —Dap—j—pu(z,y;m —v) (7.37)

= B(v,v)g~ XV: m [z:ﬂ ¢ =9 (—1)lg”

=0

byi(a, yim) x alm — Lv = Dan_ (2, y;m — v),

where (7.36) and (7.37) follow Lemmas 3.12 and 3.11 respectively.
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We have

bj_ixa(m—1,v—"1)an—j—pu] (1,1;m —v)

n—rv u l
_ZZqz”] ”“{ . }( Dig%a(m—i—1,v—1I)

u=0 =0
{n—j—y—i—l

am—v—1,u—1
P am v i)

71
—1
) 3| T

1=

= (D0 — 1~ Dam — v = gD, (139
where (7.38) follows Lemma 7.4. Hence

Qﬁ](l7 ]_) = 5(]/ V)qm(n—u)+u(1—n)+cru ( _ ,]7 vV — j) J(V ])

i” e - -

=
_ 5(1/7 V)qm(n—u)-l—l/(l—n)—i-au ( . ]’ v — ])q j(v— ])( 1)quj |:7”L - ]:| ’ (739)
n—v

where (7.39) follows Lemma 7.5. Incorporating this expression for ¢;(1,1) in the

definition of the RHS and rearranging both sides, we obtain the result. O]

7.2.5 Proof of Proposition 3.26

Proof. Eq. (3.12) can be expressed in terms of the a,(m,u) and [Z]p functions as

- n—v
Jj=0

2 m = (=1)pm Z [n B j} ppj =)oy, (m — j,v — j)B;. (7.40)
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We obtain
n /L v v n /L
pme L} A =p™ Zpalﬁp(lal)sp(% ) Z L} A, (7.41)
i=0 L 1=0 =l “Hp
v l .
n—7 j(m+n—j ; ;
= BLDSn D=1 ) [n - l] P oy (m = 51 = 5)B;
1=0 =0 P
(7.42)
- j S n—j . ,
=3 B S 50,085,000 (-1 |1 9 e = gt ).
, , n—1
Jj=0 I=j P
where (7.41) and (7.42) follow (3.15) and (7.40) respectively. O

7.2.6 Proof of Lemma 3.28

Proof. We first prove (3.22):

—mk . i l/(TL—i)A‘ _ q (n Z)A l crl z()\ 1) 4
A l 0‘ n(A=1) (v=A+1)(n—1)
-t >

1 A _
()\ )\) |:l:| ( 1)lq0l q n( Z)TO,U,V—)\-H (C)a
0

m“ - (11__5)# G _1q)u Zi; <Z) (—=1)%g™, (7.44)

we obtain
q—mk n H
T » C — v(n—i Al a 'La
0 = g A (1)
™ (e -
_ 1aqan q(zl a)(n z)A
i o)y
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7.2.7 Proof of Proposition 3.29

Proof. From [42, (3.3.6)], we obtain [ '] = ﬁzluzo [/](=1)tgo=1¢"™ and

hence

{j (—1)""L g7 Ty04(C), (7.45)

where (7.45) follows (3.21). By Corollary 3.21, we have for v < d, >, [}](=1)"""

¢ To04(C) = ¢ ™ a(n,v), and we obtain

o - SEE e ene

i= i) &
- EV:TOOZ(C) m XV: [j:ﬂ (=1)7 gt
B FZZ’"(C)’ h (7.46)

where (7.46) follows Z;:é [”ﬂ (—1)7q°7 = §,,;, which in turn is a special case of [42,
(3.3.6)]. This proves (3.24). Thus, Ty, (C) is transparent to the code, and (3.25)
can be shown by choosing C = GF(¢™)™ without loss of generality.

Suppose S(v,n, m) o Z]V:o ma(n,j)q_mj. Then S(v,n,m) = S(n,v, m) since
ma(n,j) = [?]a(u,j). Also, combining (3.24) and (3.25) yields S(v,n,m) =

=) S (n, m,v). Therefore, we obtain S(v,n,m) = ¢""~" (v, m, n), which proves

(3.26). O
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7.3 Appendix of Chapter 4

7.3.1 Proof of Proposition 4.12

Proof. For all X € GF(¢q)™* with rank s and C € C, we define f.(X,C) = 1
if dp(X,c) = r and f.(X,C) = 0 otherwise. Note that > x , x_, [+(X,C) =
Jr(q, 1, k, s,r,tk(C)) for all C € C and

Y KX C) =Y eC—-X:1k(Y) =1} < Ar(q. L k,d,7)
ceC

for all X € GF(¢)"**. We obtain

Y KXC) = > Aidulq.l ks, ri), (7.47)
Cel Xurk(X)=s =0
> Y £(X,C) < Nrlg, Lk s)Ar(q. Lk d.7). (7.48)

X:rk(X)=s CeC

Combining (7.47) and (7.48), we obtain

Z?zo AzJR(Q7 l7 k> S, T, Z)
NR(Q7lakas) ‘

AR(Qam>n7d7 T) > (749)

Suppose d > r + 1. For all C € C, let us denote the set of matrices with
rank s at distance at most d — r — 1 from C as Sc, and S dof Ucec c. For
X € Sc, we have dg(X,C) < d—r —1 < r. We have for C' € C and C' # C,
dr(X,C") > dr(C,C’) — dr(X,C) > r + 1; and hence f,.(X,C’) =0 for all C' € C.

Therefore, ) .o f+(X,C) =0 for all X € S and

o Y rxe = Y Y AXo+ Y Y X

X:rk(X)=s CeC XeS CceC ki()?)s— CeC
S [NR((],Z,]C,S) - |S|]AR(q7lvk7d7 T)' (750)

Since d —r —1 < g, the balls with radius d — r — 1 around the codewords

are disjoint and hence |S| = Y20, A S0 Jr(q, 1, k, 5,t,4). Combining (7.47)
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and (7.50), we obtain

AR(Qa la k) d7 T) Z ZZ:O — ZJR(Q’ C’l_;f{ r, Z) .
Ni(q,l,k,s) =30 g Ay Jrla, Lk, s t,9)

. (7.51)

Note that (7.49) and (7.51) both hold for any s and rank spectrum {A4;}. Further-
more, since Ar(q, [, k, d, r) is a non-decreasing function of [ and k, Ar(q, m,n,d,r) >
Ar(q, 1, k,d,r) for all max{r,d} <k <nand k <1 < m. Thus, we have (4.8) and
(4.9). O

7.3.2 Proof of Proposition 4.17

Proof. By Proposition 4.11, we obtain Ag(q, m,m,d,m) < a(m,m —d+ 1) for r =
n =m and Agr(q,m,n,d,r) < ma(m, r—d+1) < m ¢~ otherwise. We now
derive lower bounds on M(q, m,n,d,r). Again, M(q,m,n,d,r) = ["] >oia(=1)

where p1; > pj; for d4+1 < j < r. Therefore, when needed, we shall only consider

the last terms in the summation.

First, M(g,m,m,m — 1,m) = (¢*" — 1) — L5 (g™ — 1) > E2(¢*" — 1) >

=%a(m, 2), which leads to (4.11). For ¢ =2, M(2,m,m,m —1,m) = 2(2" — 1) =

2m=1—1)"1a(m, 2), which results in (4.10). Second, whenr =n = mand d = m—2,

a(m, 1)

M(Q7m7m7m_27m) = (q3m_1)_ q—l (q2m_1)+<q2_1)<q_1)<qm_1)
q_2 2m 1 alm mo__
(> —D(g-2)+1
T @y

which leads to (4.12). Third, when » = n = m and d < m — 2, by considering the
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last four terms in the summation, we obtain

M (q,m,m,d,m)

a(m,1)
qg—1

(qm(m—d—l) . 1) .

> (qm(mfd+1) . 1) . <qm(mfd) . 1)

N a(m,?2) a(m,3)
(¢ =1)(¢—1) (-1 —-1)(g—1)

q—2 @ -2
>{q—ﬁ<q3—1><q2—1><q—1>}“<m’m‘d“)’

(qm(m—d—2) i 1)

which results in (4.13). Fourth, when d < r < m, by considering the last two terms

in the summation, we obtain

M(q,m,n,d,r) > " <<qm(r—d+1) —1) - [ﬂ (qmr=a) — 1>>
r
-n- r— mir— T ‘s
> | (qmr=dtD) 1 — gmir=dEr gy (7.52)
:n: — T—m
> [?]gmeen - g, (7.53)

Therefore, since r < m, B(q,m,n,d,r) < (1 — ¢ ™)1 < q_il, which leads to

(4.14). O

7.3.3 Proof of Proposition 4.22

Proof. We first derive a lower bound on ag(v, d, p). For d < r, Proposition 4.15 yields
Ar(q,m,n,d,r) > """+ =d) \which asymptotically becomes ag(v, 6, p) > p(1 +

v—p)—0 for § < p. Similarly, for d > r, Proposition 4.20 yields Ar(q, m,n,d,r) >

g +nlr=d+1) which asymptotically becomes ag (v, 6, p) > p(2v—p) —vd for § > p.

Proposition 4.6 and (4.5) yield log, Ar(q, m,n,d,r) > min{(n —7)(2r —d —p +

1),(m—r)(p+1)} for d > r and 2r < n. Treating the two terms as functions and

(n—r)(2r—d+1)—m+r '

assuming that p is real, the lower bound is maximized when p = p—
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Using p = {(”_T)(Z;:fglz_m”J , asymptotically we obtain ag (v, 0, p) > %(Qp—

9) for 2p < wv.

For d > r and n < 2r < m, Proposition 4.6 and (4.5) yield log, Ar(q, m,n,d,r) >
min{r(n —d—p+1),(m —7r)(p+1)}. After maximizing this expression over p, we
asymptotically obtain agr(v,d,p) > p(1 — p)(v —6) for v < 2p < 1.

For d > r and 2r > m, Proposition 4.6 and (4.5) lead to log, Ar(q,m,n,d,r) >
min{r(n —d —p+1),7(m — 2r + p+ 1)}. After maximizing this expression over p,
we asymptotically obtain ag(v,d,p) > 5(14+v —2p —§) for 2p > 1.

We now derive an upper bound on ag(v,d,p). First, Proposition 4.11 gives
Ar(q,m,n,d,r) < []gm=* < K tgqrin=rtmr=dtl) for ¢ < 7, which asymptoti-
cally becomes ag(v,d,p) < p(1 +v — p) — 6 for p > §. Second, by Proposition 4.6,
we obtain ag (v, 4, p) < limy, e sup |log .2 Ac(g,n,d —r, T)] = min{(v — p)(2p —
9), p(v —9)} for p < § <min{2p,v}. O

7.3.4 Proof of Proposition 4.28

In order to prove Proposition 4.28, we need two technical lemmas. For any R €
GF(q)™*", we denote the number of matrices with row space W and at rank distance
s from R as g(W, s, R). We prove below that g(W, s, R) only depends on R through

its row space.

Lemma 7.6. For all R,S € GF(q)™*" with the same row space U, g(W,s,R) =
g(W.s,S), and hence g(W, s,R) = g(W,s,U).

Proof. Suppose X € GF(q)"*" has row space W and satisfies rk(X—R) = s. We can
express S = AR, where A € GF(q)™ ™ has full rank, hence Y = AX has row space
W and satisfies tk(Y — S) = rk(X — R) = s. Thus g(W,s,S) > g(W,s,R). Using
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R = A™'S, we show that g(W, s,S) < g(W, s, R); hence g(W, s, R) = g(W,s,S). [

n

Lemma 7.7. For allU € Ey(q,n), D wep, gn 9(U, s, W) = % ]]JR(u,s,w).

Proof. By counting the number of pairs of matrices (R, W) where R(R) = U,
R(W) =W, and dg(R, W) = s in two ways, we have a(m,u)g(W,s,U) = a(m,w)
g(U,s,W). Hence

Z g(U, s, W) = a(m, v) Z g(W,s,U) = a(m, v) Jr(w, s,u).

a(m,w)
WeEqw(g,m) WeEy(g,m)

n

Using (2.2), we obtain > ycp (,n 9(U, s, W) = %JR(U, S, w). O
We now give the proof of Proposition 4.28.

Proof. Let C be a rank metric code in GF(¢)™*" with minimum rank distance d. We

have Pr(C,U) = — mu) S, 9(U,s,C), where §(U, s,C) is the number of matrices
X at distance s from the code, and such that R(X — C) = U. Hence §(U,s,C) =
> w.dimwyza Aw (C)g(U, s, W), where Ay (C) = {D € C : R(D — C) = W} for
all W € E(q,n). We now give an upper bound on Ay (C). Let Cy = {D — C :
D € C,R(D — C) = W}, then the restriction of Cy to W [29] forms a constant-
rank code in GF(¢q)™*" with constant-rank w and minimum distance d. Therefore,
Aw (C) < Ar(q,m,w,d,w) < a(m,w —d+ 1) by Proposition 4.11. The DEP hence

satisfies

Pr(C,U) =

(C)g(U, s, W)

$=0 w=d WeE,(q,n)

< ) > gUs,W)
s=0 w=d WeEw(g,n)
1 n n t
= am,w—d+1 Jr(u, s, w), 7.54
NR(U);M ( DIECRTAN S
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where (7.54) follows Lemma 7.7.
When C' is an MRD code with minimum rank distance d, it can be shown that

Aw(C) = M(q,m,w,d,w) = [”TlM(q,m,n, d,w), and hence

w.

alm,u

) n
E M(q,m,n,d,w)Jg(u, s, w),
NR(U) ~ (q ) R( )

(U, s,C) =

which leads to (4.26). O

7.4 Appendix of Chapter 5

7.4.1 Proof of Proposition 5.11

Before proving Proposition 5.11, we introduce some useful notations. For 0 < d < r,

I, /0
we denote Uy = R(1.|P4) € E.(¢,n), where Py = ‘ € GF(q)™ ™) hence

0|0
dy(Uy, Uy) = d for all 0 < d < r. We also denote the set of all generator matrices of all

subspaces in B, (Up) N B,(Uy) as F(u, s,d), hence |F(u, s,d)| = Ic(u,s,d) [T—s (¢" —

q').

Lemma 7.8. Let X = (A|B) € GF(q)"™*", where A and B have r and n—r columns,
respectively. Furthermore, we denote A = (A1]alAs) and B = (B;|b|B3), where a
and b are the d-th columns of A and B, respectively. Then X € F(u,s,d) if and
only if tk(X) = r, rk(B) < u, and tk(B; — A;|b —a|B,) < s.

Proof. First, X is the generator matrix of some V' € E, (¢, n) if and only if rk(X) = .
Also, it is easily shown that di(V,Uy) = rk(B) and di(V,U;) = rk(B — AP,) =
rk(B; —A;|b—a|By). Therefore, X € F(u,s,d) if and only if rk(X) = r, rk(B) < u,
and rk(B; — Aq|b — a|By) < s. O
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We now give the proof of Proposition 5.11.

Proof. 1t suffices to show that Ic(u, s, d) < Ic(u,s,d — 1) for any d > 1. We do so
by first defining a mapping ¢ from F(u,s,d) to F(u,s,d — 1) and then proving it
is injective. Let X € F(u,s,d), then by Lemma 7.8, tk(X) = r, 1k(B) < u, and
rk(B; — Ay|b — a|B,) < s. Since the mapping ¢ only modifies b, we shall denote
#»(X) =Y = (A|B4|c|By). We hence have to show that rk(Y) = r, rk(B|c|B3) <

u, and rk(B; — A4|c|B2) < 's. We need to distinguish three cases.

e Case I: tk(B; — A;|B3) < s — 1. In this case, ¢ = b. Note that rk(Y) = r,
rk(B) < wu, and tk(B; — Ay[c|Bs) <1k(B; — A1|By) +1 < s.

e Case IT: tk(B; — A|B2) = s and rk(B;|B3) < u — 1. In this case, c = b — a.
Note that rk(Y) = r, rk(B|c|Bs) < 1k(B) + 1 < u, and rk(B; — A;|c|By) =
I'k(Bl — A1|b — a|B2) = S.

e Case III: tk(B; — A4|Bs) = s and rk(By|By) = u. We have b —a €
C(B; — Aq|By) and b € C(B1|B3). Hence a € C(B1|B3|B; — A;). De-
noting C'(B1|B2|B; — Ay) = C(B4|B3) & S, where S is a fixed subspace of
C(B;—A)), a can be uniquely expressed as a = r+s, where r € C'(B;|B3) and
s € S. In this case, c = b —r. Since b € C'(B;|B,), rk(X) = 1k(A|B1|B;) =
r =rk(Y). Also, since ¢ € C(B;|Bs), rk(B;|c|B2) = rk(B1|B3) = u. Finally,
c=b—-a+s e (C(B; — Ai|B,), therefore rk(B; — A;|c|Bs) = s.

It is easy to show that ¢ is injective. Therefore, |F(u, s, d)| < |F(u,s,d—1)| and
Ic(u,s,d) < Io(u,s,d—1). O
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7.4.2 Proof of Lemma 5.17

Proof. Let C be a code in E,.(¢,n — 1) with covering radius p — 1 and cardinality
Kc(g,n — 1,7, p —1). Define the code C; C E,.(q,n) as C; = {R(C|0) : R(C) € C}.
For any U; € E,(q,n) with generator matrix U; = (U|u), where U € GF(¢)™*"!
and u € GF(q)™!, we prove that there exists C; € C; generated by C; = (C|0)
such that di(Cy,U;) < p. We remark that rk(U) is equal to either  or r — 1. First,
if tk(U) = r, then there exists C' € C such that rk(CT|UT) < r 4+ p — 1. Second,
if rk(U) = r — 1, then let Uy be r — 1 linearly independent rows of U. For any
v € GF(q)" !, v ¢ R(Uy), there exists C' € C such that r+p—1 > rk(CT|UZ|v") >
tk(CT|UY) = tk(CT|UT). Hence rk(CT|UT) < r + p and dy(Cy,U;) < p. Thus C;
has covering radius at most p and hence K¢(q,n,r, p) < Kc(q,n—1,7r,p—1), which

n—p}
r -

applied p times yields Kq(q,n,r, p) < Kc(g,n — p,r,0) = [

Similarly, let C be a code in E,_1(q,n) with covering radius p— 1 and cardinality
Kc(g,n,r —1,p —1). Define the code Co = {R((CT|c")T): R(C) C C} € E,(¢q,n),
where ¢ € GF(¢)" is chosen at random such that rk(C*|c’) = 7. We remark that
|Co| < |C|. For any U, € E,(q,n) with generator matrix U, = (U |u”)T, there exists
Cy € Cy with generator matrix Cy = (CT|c?)? with rk(CT|UT) < r + p — 2. Thus
tk(CY|UL) < r+pand C, has covering radius at most p. Thus Kc(q,n,r, p) < |Co| <
Kc(g,n,7—1, p—1) which applied p times yields K¢(q,n,r, p) < Kc(g,n,r7—p,0) =
A 0

r—p.

7.4.3 Proof of Proposition 5.27

Proof. First, by Lemma 5.25, Ns(r,s,d) = q“(d_“)[ } [Zjﬂ, where u = %ﬁ sat-

isfies 0 < w < min{r,d}. Thus by Corollary 2.3 ¢/ < Ng(r,s,d) < K ¢/,
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where f(u) = w(2r +3d —n — 3u) + d(n — r — d). Hence, >_,_,S(d) < Vi(r,t) <
K> S, S(d), where S(d) = Z?i%{r’d} ¢/®. Since f is maximized for u = uy =

% < d, we need to consider three cases.

e Case : 0 < d < ”_32’". We have uy < 0 and hence f is maximized for u = 0:

f(0) = g(d) = d(n —r —d). Thus S(d) > ¢, and it is easy to show that
S(d) _ qg(d) Zu_o q—u(n—2r—3d+3u) < qug(d).

e Case II: "’TQ’” <d< min{w,ﬂ}. We have 0 < ug < r and hence f is
maximized for u = ug: f(ug) = g(d) = 15(n — 2r)*> + 1d(2n — d). Thus
S(d) > max{g/(lw)) ¢fTwD} > go(d—7
g9 Z;:O g (u—u0)? Qqug( ).

and it is easy to show that S(d) =

e Case III: %4” <d< g We have ug > r and hence f is maximized for u = r:
f(r) =g(d) = (d—r)(n—d+r). Thus S(d) > ¢?D, and it is easy to show
that S(d) _ qg(d) Z;:O qfi(3df47'fn+37l) < qug(d)‘

From the discussion above, we obtain Vy(r,t) > S(t) > ¢~ 1790 and Vi(r,t) <
K250 0 S(d) < 2M K723 o ¢ Tt can be shown that Yy, ¢@ < Lg?® for
all 0 <t < v, and hence V5(r,t) < 2M,L K 2¢?®. O

7.4.4 Proof of Theorem 5.28

In order to prove Theorem 5.28, we prove Lemma 7.9 and Corollary 7.10 first below.

For all 0 < a < n, we denote U, = (I,]|0) € GF(¢)**™ and U, = R(U,) € E,(q,n).

Lemma 7.9. For any B, By € Ey(q,n) with dim(U, + B) = dim(U, + By) = n,
JS(Q7 n;u, s; Ua7 Bu C) = JS(Q7 n;u, s; Ua7 BO7 C)'
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Proof. Tt suffices to show that Js(q, n;u, s;U,, B, ¢) < Js(q,n;u, s; Uy, By, ¢) for any
B, By € Ey(q,n), both at distance 2n — a — b from U,. For any matrix X with
n columns, we denote X = (X% X" %), where X® and X"~ have a and n — a
columns respectively. For any generator matrix B of B, we have rk(UZ|BT) = n
and hence rk(B"~*) = n — a. Similarly, for any generator matrix By of By, we have
rk(B{~*) = n — a. Since all matrices in GF(q)**("~% with full rank have the same

row space, without loss of generality we assume B"™% = B{~* = (I,,_,|0)7, and

B, = . (7.55)

We have rk(B¢) = rk(B§) = b — n 4+ a. Hence B¢ and B§ have the same column

space and we can express B§ = B°E, where E € GF(q)*** has full rank. Thus
E 0

By = BF, where F =

€ GF(q)™*" has full rank.
B!~ BE|I,_,

Let C € E.(q,n) be generated by C € GF(q)**™. Then C satisfies ds(U,,C) = u
and ds(B,C) = s if and only if rk(C"™*) = =2 and rk(B"|CT) = stetb

2

Let Cy be generated by Cy = CF € GF(q)*". Since Cy has rank ¢, Cy €
E.(¢q,n). Also, tk(Cj™) = rk(C" ) = “==¢ and rk(B{|C]) = rk(B”|C") =

%C*b, and hence ds(U,, Cy) = u and ds(By, Cy) = s. Thus Js(q,n;u, s;U,, B,c) <

U

JS(q7 n;u,s; Ua7 B07 C)'

Corollary 7.10. For all A € E,(q,n), B € Ey(q,n) with dim(A + B) = n we have

Js(q,m;u, s; A, B, c) = Js(q,n;u,s,2n — a —b;a, b, c).

Proof. Let A and B be generator matrices of A and B, respectively. Let C' € E.(q,n)
be generated by C, where ds(C,A) = u and ds(C,B) = s. We can express
A as AX™! = U,, where X € GF(q)"*" has full rank. Let Y € Fj,(¢q,n) and
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Z € E.(q,n) be generated by BX ™! and CX ™!, respectively, then it is easily shown
that ds(A, B) = ds(U,,Y), ds(A,C) = ds(U,, Z), and ds(B,C) = ds(Y, Z). Thus
Js(q,n;u,s;A,B,c) < Js(q,m;u,s;U,,Y,c). Since X is invertible, we easily ob-
tain the reverse inequality, and hence Js(q,n;u, s; A, B, ¢) = Js(q,n;u, s;U,, Y, ¢) =

Js(q,n;u, s,2n —a — b;a,b, c) by Lemma 7.9. O
We now give the proof of Theorem 5.28.

Proof. Let C € E.(q,n) satisty ds(A,C) = u and ds(B,C) = s. We can express
C = C1®Cy, where €7 = CN(A+ B) has dimension ¢; and CoN(A+B) = {0}. Note
that uy = ds(A,C)) =a+c—a—c+u=u—c+cy and sy = dg(B,Cs) = s—c+cy.
There are hence Js(q,nq;ug, $1,w;a,b,c;) choices for Cy by Corollary 7.10, where
ny = dim(A 4+ B). Once C] is fixed, there are ge(¢=¢1) [2:?11] choices for C. We

obtain

Cc
Js(g,n;u,s;A, B, c) = Z gere=en) {TCL Zl] Js(g,nasuq, s1,w;a,b,¢1),
—C
c1=0

which is a function of ¢, n, u, s, w, a, b, and c. O

7.4.5 Proof of Proposition 5.41

Proof. First, Vi(r,t) > Ni(r,r,t) > ¢"™*. We now prove the upper bound. Since
Vi(r,t) = Vi(n — r,t), we assume r < v without loss of generality. By Lemma 5.40,

we have Ni(r,s,d) < Kq*2qs(”*d+’"*3)*(”*d)(”*d) for s < r and Ni(r,s,d) < K2
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qs(r—s+d)+d(”_’"_d) for s > r. Hence

K2Vi(r, 1)
r r+d
< Z{ Z qs(n d+r—s)—(r—d)(n—d) _|_ Z s(r—s+d)+d(n—r— d)}
= s=r—d s=r+1
t d+r
n Z qu(r—s—i—d)—i—d(N—"‘—d) (7.56)
d=r+1 s=d
r d d
_ qd(n—d) {Zq—z(n—d—r-ﬂ)+Zq—j(r—d+j }+ Z q d(n—d) Z —k(d—r+k)
d=0 i= j= d=r+1 k=0
2N . 1 Zq n—d) —|—N Z q d(n—d)
d=r+1
(2N o 1 Z n 2t+l

=0

< (2N, — 1)N,¢'™9.
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